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Abstract

In this work the authors reproduce and deepenhbmés of RH already presented in [25] [26],
explaining formulas and showing different "spededtures” that are usually introduced with the
theorem of prime numbers and useful to investifatier ways. One of the major results of this
paper, through all the steps outlined, is thaicthrgecture on zeros of the Riemann’s zeta is tnae a
demonstrable with some analytical steps and a ¢tieat remark (see. [30]).

In the Chapter 1 (Remark A) and in the conclusion Ghapter 3 (Remark B), we have described
the mathematical aspects concerning the proofeottimjecture “The nontrivial zeros of Riemann’s
zeta have all multiplicity 1”. In th€hapter 2, we have described why(x) is an equivalent RH. In
the Chapter 3, we have described the mathematical aspects aungeihe “Theorem free Region
from nontrivial zeros”. In the&Chapter 4, we have described also some mathematical arggment
concerning the zeta strings and the p-adic andcagiings. In conclusion, in th€hapter 5, we
have showed the possible mathematical connecti@igielen some equations regarding the
Chapter 4 and some equations of the Riemann Hypothesis hesepted.
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Introduction

Riemann is today linked at two unresolved conjexguilhe conjecture “The non-trivial zeros of
Riemann’s zeta have all multiplicity 1” is one bEte.

The authors show that this conjecture is true. grioef is based on two theoretical remarks.

1. Remark A

We saw that Riemann [25] definéds) as a function of complex variable s. The fstp of
Riemann was to extend (oraoalytically continug{(s) to all of C \ {1} This can be accomplished

by noticing that sg+it and n™° = sj Xt dy then:

Since {x}UJ[0,1), it follows that the last integral converges 0>0 and defines a continuation of
((s) to the half-plane@=Re(s)>0. We can exter{ds) to a holomorphic function on all C \ {1}, in
fact from the last integral s=1 is a simple pol¢hwesidue 1. We note that for s real and s>0 the
integral in (1) is always positive real. Then fr¢i) {(s)<0, $1(0.1) and((s)>0, $1(1.).

A popular expression of Euler is:

(9= ] @-p*.

p=prime

From this expression we can obtain

ne@=- ¥ a-p9)= ¥ S

p=prime p=primes k1

(2)

In (2) we have applied the integration of Newtarkéd to expression:

i:1+x+x2+><3+...
1-Xx

If the previous expression is integrated for x gad change the sign to bring the term 1-x to
numerator, then we obtain:

1[x] is the greatest integerx or floor of x; {x}=x-[x] is the fractional parbf x.
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-log(1-x)= x+ x2+ X3+71X+

Now, we introduce theon Mangoldt’'s function(also called lambda function)

/\(n) {Iogp if n:p_", p prime k1 @)

otherwise
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Figure 1 — von Mangoldt’s function
From (2) we have:

p—ks :{g's, if n= pf

otherwise

and if we use the rules of logarithm: n's gk = log, n = log n/log p then:

0, otherwise

1 logp _ /\(”), when n=p¥
- = logn  logn

Further the (2) becomes:

Inc(s)=i A(n) :i AN s @

“~logn n° %43 logn

The (4) is very interesting because consents te fpas1 “a multiplicative problem” to “an additive
problem”, even if we are started from the Eulersduct.

Consequently if we do the derivative of (4) thenofain:

@:—mm 5
¢(s) Z;rf ©)

We note that for the von Mongoldt's function we dalso:

logn=>"A(d) whered|n are divisor ofn
djn

Example

n=12




We remember that 1223 and that the divisors of 12 are: 1, 2, 3, 415, then:
log 125A(1)+ A(2)+ A(3)+ A(2D)+ A(2%3)+ A(2%*3)

From (3) is:
log12=0+1log 2 +1log 3 +log 2 + 0 + 0=log(2B*= log 12

Pafnuty Lvovich Chebyshéwroduced two functions:

e(X) = Z Iog P 1st Chebyshev's functio
p<x

l.|J(X) = Z /\( n) 2nd Chebyshev's functiol

This functions are very important in the proof&kéd to prime numbers, because they are simple to
use.
Another equivalent formulas fé&(x) is:

7(x)

(%)
8() = Y log p= > logp, =[] p, |

psX k=1

Hardy and Wright (1979) showed that:

. X
lim,  ——=
a(x)
or:
0(x)= x
From here we have the Figure 2.
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Figure 2 -8(x) Chebyshev’s function
We also can writg(x):

77(X)

W= Y logp= > AK) (g

psx k=1
pksx




In the previous formula the sums runs over all prinumbers p and positive integers k such that
p‘sx and therefore, potentially, includes some primestiple times.
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Figure 3 -(x) Chebyshev’s function

A simple and nice formula fap(x) is:
w9 =Inllem(L2,3,4,.x) 6

or

lcm(L, 2,3,4,.x F ¢®
Example
x=10
lem(1,2,3,4,5,6,7,8,9,10)=5*7%83°=2520
P(10)=In 2520 = In 5*7*%3°=In5+IN7+3INn2+21In 3

Now anequivalent PNT or an equivalent R1
plx)=x (@
Finally ¢(x) and6(x) are linked as follow:
W00 =360¢)
The previous formula has got a finite numberk;ﬁmrbecausé(xl’z):o for n>logx.

The functions(x) and 6(x) are in some ways more natural then prime cagnfunctiont(x),
because they deal with multiplication of primesalmultiplicative problem they are better.

It can be obtained a link frof(s) andy(x) inverting (5); in fact, starting from (5)he Fourier
inversion formulamplies for each a>1:

i R ERAON:S 8
o) =lim, o j( 2 Six>0 (8)

a-iT

2 For italian readers the terlam (least common multiple) is equivalent to the tenem
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A link betweeny(x) and the nontrivial zeros (with multiplicitiesf Riemann zeta function is the
so-calledexplicit formula (Riemann-von Mangoldt)

W(x) = x—zx—;—(ln 2n)—% In(l- x?) (9)

P
For x>1 and x not prime number or prime power aradnontrivial zero.

The (9) gives a very precise description of therem the approssimations (7), and, more important,
it relations the estimation of this error to thedtion of the nontrivial zeros.

We note that de la Vallée-Poussin showed thatettra-by-term integration of both sides of (9) is a
valid operation for x>1:

-2n+1

- xlog(27m) +const (10)

_t _x Xt X
() = !w(t)dt_ 2 Zp: p(p+1) Zn: 2n(2n-1)

It is clear that, as % o, the last three terms on the right hand side ®{11) are all 0.

2. Why Y(x) is an equivalent RH

Now we can show thaf(1+it) #0 or thatthere aren’t nontrivial zeros on the lirne=1.
If we remember that sx+it, taking the real part, from (4) is:

Re(In¢ 5))= Zmﬁ;\% rtost logn

By trigonometric identity 3 + 4 cos t + cos 2t 4. 2{ cos tj=0 then we obtain:
3Re(In¢ )+ 4Re(Irx ¢+ i) Re(lg g+2 i)l (
SO exponentiating, this gives:
lc@)Flco+it)flco+2it) % 1 (11)
As we have seen in (19(s) has got a simple pole in s=1 with residue 1is Thequivalent to says:
lim,_,(s-1)¢(9 =1
Now we suppose thé(s) has one zero of ordethat =1 + ijythen it is equivalent to:
limg_ . (s—%)"¢(3= ¢

for some d1 C \{0}. Taking s =0 + ity and o>1 then we can rewrite (11) as:




c@Flo-1f 5 Skt v 2i )

|s= §f"
_Jo-1F _ 1
|0._1|4m |o._1|4m—l

Letting o - 1", and taking account the two limits above, we abthat there is a pole of order 4m-
3=1 at s=1+2¢. This is impossible, thed(1+it)z0 for IR \ {0} is true. Therefore ifp is a

nontrivial zero of{(s), then Regf)<1, |¥-1|<1 and the infinite suni in (10) converges
P

p(p+1)

converges uniformly in x and:

xP

absolutely. This implies tha
> p(p+1)

-1 -1
lim, > X! =Y lim, X! =>0=0
P

> p(p+1) pp+1) 5
So also the second term of (10) is bounded b§) ofherefore we can conclude thdt(x) Ox%/2.
In general if two functions are asymptotic one taonclude that their derivative are asymptotyc;
but we know that the derivativgg=;’ is a monotonic non-decreasing function, then vem c

conclude that (7) is true ap(x) Ox is an equivalent RH

We know that de la Vallée-Poussin, have shovedftinahe Prime Numbers Theorem (PNT) is:
W(X) = x+ O x> (12)

Riemann have showed also for the PNT that:
P(x) = x+ O xin ¥)  (13)

The (13) in [26] is th&RH10.

Furthermore, there are some interesting formulas

Thereflection formula of Euler

r(sri-s)= . :}E

, sO0Z  (14)

ThelLegendre’s formula
F(s)r(s + %) = Jm2v>r2s) (15)

Riemann, have obtained the following more symmaiifiarm:

£(s) = L s(s - 1)¢(s)r [5) . (s - 1)I(s)r [E + 1] s
2 2 2 (16)
where




°J3t5 dt

_t_
ce  t

wsyzje%ﬁ*dtz
0

All the zeros concerning the gamma function for2s=,... are defined “trivial zeros” while the
other are the “nontrivial zeros” of the Riemannazéinction. The eq. (16) is important because
introduces the notion of symmetry.

A second form for the integral of the gamma functie theMellin transforml/et (or theLaplace
transform).

Riemannwrote that the functio§ satisfies the following properties
a) &(s) =§(1-)
b) & is a whole function and(s) = &(s)
c)ﬂ%+MDR

d) If &(s)=0, then Qo<1
e) §(0)=¢&(1)=1/2
f) &(s)>0 for each 81 R

The property a) derives from (14)(15)(16). The bjives from (14) since th&tis olomorphic for
0=1, because the simple pole{oét 1 is removed by the factor s-1, and there'togimer poles for
o>1. Furthermore the (a) implicaté®lomorphic on all C. The second part of (b) desitrem (14)
and for every meromorphic function the zeros aat oe are introduced in conjugated couples.

Combining (a)(b) we get (c) and similarly (d) betfdwe we note tha(s)20 foro>1.

Furthermore, we note that for the (1) we h§@ = -1/2. The (e) fo€(0) derives froml(1) = 1,
and from (a) fo(1).

To try (f) we note that from (13) we havgs) > 0 for each 8 R and from (16) and (1) then we
obtain (f) for s>0 and#s0,1.

Corollary The zeros of thé function are identical to the nontrivial zeroktbe { function
Riemann in his notes referred §@l/2+iu), with u complex variable. The fact thal thie zeros of
this function are real is equivalent to the fadtthll the zeros haves Re(9=1/2; thence the

corollary is equivalent to the Riemann HypotheBiBl).

Riemann Hypothesis For every nontrivial zero se+it in ¢, then 0=1/2 (or equivalently all the
nontrivial zeros of{(s) lies on the critical line).
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Figure 4 — critical strip and critical line g=1/2

Conjecture on the multiplicity of the nontrivial zeros All the nontrivial zeros are simple, or with
multiplicity 1.

We definef a whole function of the finite ordér
log [f(s)] = O( |8) for some A >0. (17)
The order of f is the lower limit of all the A,rfavhich (17) is true.
Theorem 1 (Weierstrass)
Let {c} an infinite sequence of complex numbers, such 6xdc,|<|c;|<..., and we assume that his
limit point is . Then exists a whole function f(s) with zeros Hwatescribed multiplicity) in
correspondence of these complex numbers.
Theorem 2 (Weierstrass)

Every whole function g(s) of ordet., that doesn't have zeros in C, can be writtenggs) = 65

where a and b are constants, while every whatetfan f(s) of order<l, which has Nw zeros
to cl1,c2,c3,.#0, can be written in the form
Cn

where a and b are constants and the product cogeadpsolutely (if N =) for all the s//C.

00

f(s)= é‘*bsﬂ

n=.

Weierstrass tried that:
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1

_eerfilf1e2)
@—Sé/sln_:'|:(l+ nj e :| (18)

By (18) Hadamard and de La Valee Poussin reachédetproof of the Prime Numbers Theorem
(PNT) and to show at least two of the Riemann hypsis (that the zeros are infinite and that can
not be oro=1), becausé(s) is a whole function of order 1.

The (18) show also that(s) doesn’t have zeros in C. Furthermore, sincduhetional equation in
terms of gammal (s+1) = 9 (9 is true thenl"(s) has simple poles in s=0,-1,-2,... with residue 1.
In fact is:

: S

lim =lim =

s-0"[(s) s-0T(s+l)

where I'(1)=1.
Product formula for &(s)

From theHadamard’s factorization Theorem we know that the right hand side of (16) can be
rewritten as follow:

=€)

(19)

wherep are the nontrivial zeros in the critical strip ¥ehA and B two constants. If we use the right
hand side of (16) in (19) we obtain that:

s\ - 1
(s-1r (2)”

If we pass the (20) to the logarithms we obtain tha

_ _ _ S\, S st
log¢(s)= A+ Bs-log(s-1) Iogr(2j+ > Iogﬂ+zp: ( Iog( 1—pj+pj

¢(s) =

(20)

Deriving we obtain:

¢®_p_ 1 19,1 1
=P i 2rs 20 L, 1)

The (21) show simply a pole at s=1 and nontriveabs at sp while the trivial zeros are contained
in the gamma function.

Here it is possible to find the values of A andd8 $=0. In fact from the closed forms studied in
[26] concerning to th8asilea’s problemwe have that

0=
<O =log 2
¢(0)

11



Because r)=-y (Eulero’s constant) and ©) =1, thence from (18) is:

_ y 1 _1 y
=log27-1-£ -=logr==log4r- +*
g 2 2 g 2 g 2

1
¢(0)=-=
For s=0, 2 e obtain that:

1
= Iog(z)
All this shows that starting from the right handesof (16) we obtain the (19).

3. Theorem free Region from nontrivial zeros

There exists a positive constant ¢ such #@) doesn’'t have zeros in the region

o212 t>2 22)
logt
Proof

In (5) we have that ¢S = Z AD) ; now we use the real part:
C(S) n=1 nS

Refl9)= 50

1 - cos( lom ),o > (23)

For the egs. (4) and (5) and thatos#t, we take the real part and from the (4) we wbta

Re(In¢ (s))=

logh

If we use the trigonometric identity 3 + 4 cosc¢os 2t = 2(1 + cosB0, thence we have:
3Re(In¢ 6))+ 4Re(Ix ¢+ i) Re(lg g+2 i)k (

From the (16) we obtain that:

3(_ £(0+|t W € R g(o+|2t B ((24)
C(S) (o +it) +i2t)

Now we examine every term of (24).

9 (S))
¢(s)
For the first term a simple pole in s=1 implicatist

First term 3(—

£ 1
¢(s) o-1

—+A A>0 1052

Second and third term of (24)

12



Form the (24) we note that the zeros to the left=i to height t and 2t surely influence.
If t=2 and ¥o0<2 then for the second term of (2I[)< A2 logt.

In conclusion, we have that

~Re(C )< A3log -3 {S p+%j (25)

Now we appraise the second to the right. We conside 5 +iy with 3 real ando nontrivial zero,

thence
R
s-p g-pB+i(t-y) |s=pf |s-pf

If we consider that B<1 and 1e¢<2, we have thatRe( 1 jz 0
S=p

Likewise is: Re(lj :iz 0
p) lpf
Thence, for22 and ¥o<2 the (23):
(M)< A3logt< Adlog
¢(o+2it)
Also fixing 2 and p = £ +iy and considering only the first term of the sumomatf (25) we
have that:

(o +it) 1
f o) )< A30d— - (26)

If we replace in (24) , the egs. (25) and (26) Wwtam that:

3

——+3A+ (4A3+ Al)logt- 4 > (
-1 g-

If 1<o<2 then is:

4 <i+ A5logt
o-F o-1
Now we fix thato = 1+|i with & very small and such not to be violatedb¥2
ogt
; < ; + ASlogt = 3 A55Iogt
1+ = 1+ -1
logt logt
40 <1+ 1) y
(3+ A59) logt logt
B<l+ o 40

logt (3+A5J)logt

Thence, in conclusion, we have that:

13



0 ,1-0A5

<1-—2_
d logt (3+ A% )
or.
f<1-—S_ with ¢>0 27)
logt

Consequently the nontrivial zeros in the critidalpsrespect the (27) i.e. the (22), that represant
Theorem, is true.

The “Theorem free Region from nontrivial zeros” lwihe (12) and the error term that it represents
brings us to the conclusion that setting a=c:

W) = x+ O(xe™")

The (22) gives the error term:

L >1-0,t=22
logt

For demonstrate (22) we haven't used the Riemapothgsis (RH). If we use the RH, i@=1/2
we have that c=logt/2; i.e. ¢ cannot be a condtahimust depend from t (imaginary height of the
zero). This means that the area of search of thesZeymmetrical) widens to farr to increase of T
but also always remaining inside the critical sexgluded the confinements.

Let f a meromorphic function in a domain and iesal contour C simply closed and positively
directed, such that f is analytical and not nathon C. Then, we have:

1
—A. arg(f )=2z2-P
e a(f 2))
where Z is the number of the zeros and P is timeber of poles, with multiplicity, inside C.
With this technique is possible to show [27] ins&deectangular contour C, positively directed and
of vertex -1,2, 2+iT, -1+iT that consideriniy(T) =2iAC arg (s)), then is:
T
— y y
N(y,)=n=-="log—" 28
()=n=Trlog2> (28)

Here y, is the height of the'hzero. For the above expression, we have:

logn=logy, +loglogy, —log2r=logy,

Thence the (28) can be rewritten as:

n= ﬁlogn (29)
2

Thence for n> o is:

14



2m
Y= oan (30)

ogn
271000
log1000

The eq.(30) gives a value of the height of thezero. For exampley, o, = =9096...

With the theory of the whole functions and the Vgei@ss and Hadamard Theorems, we have
understood that the functich hasendless nontrivial zeros in the critical strifurthermore we
know that their density is express throughRremann-von Mangoldt formul®&l(T):

T T T
N(T)=—Ilog— ——+0O(logT) (31
(T) 27T927T271 (logT) (31)

where T is the imaginary part of the nontrivial@zand this is defined “height”.

The eq. (31) can be obtained by the proof of theonaun'If T is the height of the zeros, then

N(T) = —ﬂlogzlﬂ %T+ 7+ O(}./I.) where S(T) ——arg(( +iT)is defined by the continuous

variation on the line from 2 to 2+iT to Y+iT.

The proof of it always exploits the “Principle thfe matter”. A following demonstrable Theorem
affirms that S(T) = log T). Thence, we obtain the eq. (31).

From the interpretation of (31) is understood fbafl - o the nontrivial zeros grow thick.

We have the following functional equation:

2(s) = [ 7o (1- )sin—’ﬂz (- s) (32)
The Riemann hypothesis (RH) that all the nontrizedos of((s) are on the critical line of the strip,
i.e. Re(s)=1/2 is equivalent to:

|Z(%+A+it)|= 0= A=0 equivalent RH

A possible proof can be made using the functiogabéon (32).

For 0< A< and for all #21+1
1 . 1 .
IZ(E—A+It)I2IZE2+A+It)I (33)
or if is possible that for 0 A <% and for all*2m+1

IZ(%-A+it)I>IZ%+A+it)I (34)

15



from here should achieve the equivalent RH. Thiseisause in (29) the nontrivial zeros or lies on
Re(s)=1/2 or are in couple s=YA+it for 0 <A<%%.
Derivative’s Theorem

If in the range & A <Y and for all #21+1 we have that
ol . , :

CE-8+i)] 2 KK é+A+|t) (35)

or equivalently
0 ,,1 . 0 .

—{(=-A+it)| = |— +A+it 36

DL€ -Brit)] 2 |od Gt (36)
then the RH is true.

This detalil is important. The Theorem is shown 28][ Such theorem allows to get a lot of
information that the derivative must respect onéhs it reaches the RH.

Now we take the symmetrical functional equatioficisw:

(2) (=71 zr(lﬂ 1-9 37)

where sz+ib

If we take the absolute value of both sides of {87)
(i@ Er T (2iea-s e
Is clear that for all the complex numbers is:

|772F( j|>o 7 zr(l Sj|>o (39)

If is true that

[2(s)|-1CA-9)F O (40)
it is evident that at least one of two terms of)(4@uld be different from zero; but from (37) we
have that if one of the terms is positive it ioalse other. Thence, any “nontrivial zero” can lad h
in a zone where the (40) is true. Thetive (40) is falsefor the concept of zero as solution of an
equation!
Thence, the nontrivial zeros lies in a region whereue that :

|¢(s) [FI¢(A-9)| (41)
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or, the nontrivial zeros have a vaadleéhat respects (41).

Now we hypothesize for absurd that exists morecatiiines for different values af, on which
could be present nontrivial zeros.

It is evident that every critical line intersedie treal axle only in one point, for which the numbie
critical lines is equal to the number of interses with the real axle; thence, the valuesdb the
intersection can be obtained solving the (41) \sitti; thence, the (41) becomes:

|¢(0) IFICA-0)| (42)

Rather than to exploit the analytical continuatidnhe Riemann zeta function for Re(s)>0 we can
use the alternating zeta function [29]:

U0 =15 2 (43)

We note that the prime derivative of (43) is:

-2 In2& (- 1 & eEnt
(o In n] <O

()= [(1 2 )ZZ " 1- 21“’; n’ ]
that is valid for all the values in the critical strip.

Because the prime derivative is negative, thenftinetion is tightly decreasing and the zeta is
consequently an injective function; i.e. for evegjue of the domain corresponds a value of the co-
domain (at least one), thence the (41) is true torlyo=1/2.

Obviously contrarily if
|n2r(5j|¢|n Zr(l Sj|:|&(s)¢|&(1—s)

here we haven't nontrivial zeros, while we havetngial zeros (solutions of an equation) with
_ ~(S s 1 S
((s)=0=|m?r 2 | = |m ar(ics P1CE)FI¢ (A s)
Now for to obtain the values a for all the hypothesize critical lines, it coul@ lised also the

following expression:
T er (fj _ T (1—0j (44)
2 2

We examine separately the prime derivatives in @mapn too of (44):

G
2

dmr
do

g

1 T2Inm<0
2

Also here emerges the injectivity onin the critical strip.
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While is:

dr(gj 1
e ( j/ / ])]<O

Also here the gamma function is injective@mn

If we write:

g(a)zn_Zl'(%j gl-o)=1m Zr(l 20) (45)

also the derivative of g is negative and g is injective and this can happdy for 0=1/2 for
which exists only one critical line in the criticgtkip; but such conclusion is also what tRél
affirms

Remark B

If we have a polynomial of any degree, with reatomplex variables, the search for roots is
possible do it by various methods, for example:

* jterative method

* Newton's Method

* Method of Sturm's and related Theorem
* etc.

Hereafter we use only the method of Newton (se.[30

We remember that if f(z) is a function ands a root such thatd( = O then it is possible to express
for meromorphic functions :C - C aNewton’s mapN; (z) as follows:

_,_f(®@
Ni(2) = z— () (46)

Now we know that:

* If aisasimple root (multiplicity 1) of f(z) thendf =0 and N(a) =0, Nt (a) =a and
Ni(2-a=Q(za)?), z-a
* If ais a root with multiplicity greater than 1 of f(#)en f@) = 0, N (a) = a, |Ni(a)|<1
and
INt(2)-aC|z-a|, 0<C<1l,za

Proof of the conjecture “The non-trivial zeros of R lemann’s
zeta have all multiplicity 1”

The proof is based on the Newton’s Method.

In general, if we were interested at the valueghef roots, it would be possible, with several
iterations, to start from a valug and to arrive at a n-th term such that(dj=a; but for the proof
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we don't need to find the values of the roots mlysay something about the multiplicity of these
roots.

By Remark A, in the case of the Riemann’s zetg4l6¢ becomes:
¢(2)

¢'(2) 47)
The (47) through (5) of Remark A becomes:

Nc(2) = z-

1
5 A(n) (48)

In the (48) is:
N (a)=a (49)
because

<<]

i/\(n)

ja
=1 N

where for the von Mongoldt’s function in (48) isfided as in (3); we have a sum of von
Mongoldt’s functions (so the sum at denominatarasnull). In addition, at the left hand side of
(48) there are only constants, then we have:

N'¢(a)=0 (50)

By Remark B with (49) and (50) we conclude thejecture “The non-trivial zeros of the
Riemann’s zeta have all multiplicity 1” is true!.

4. On some equations concerning p-adic strings, p-a  dic and
adelic zeta functions, zeta strings and zet  a nonlocal scalar
fields.

Now we describe some mathematical arguments conggtime p-adic and adelic strings and the
zeta strings (see [31] [32] [33] [34] [35]).

Like in the ordinary string theory, the startingingoof p-adic strings is a construction of the
corresponding scattering amplitudes. Recall tha& dndinary crossing symmetric Veneziano
amplitude can be presented in the following forms:

A (ab)=g°] X1~ 42‘1dx=9{?((2’i‘5’+T{’JT;”?&?Z‘Z}} x(;(;)a) Z(Zl(l—))b) Z(Zl(;)c)z

= g?[ DX ex;{—%rjdzoﬂaxﬂaax”jﬁjdzaj explik\'X*), (51 -54)
-
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where 7=1, T=1/n, and a=-a(s)=-1->, b=-aft), c=-a(u) with the condition

N »

s+t+u=-8,i.e.a+tb+c=1
The p-adic generalization of the above expression

A(a) =] b - o

A (a,b)=g? jQp|xiz‘l|1— X dx, (55)

Where|..|p denotes p-adic absolute value. In this casg sinhg world-sheet parameteris treated

as p-adic variable, and all other quantities have& tusual (real) valuation.
Now, we remember that the Gauss integrals satdd#li@product formula

IRXw(aXZJbe)deI_HQ X,(@¢ +bxd,x=1, aDQ", bOQ, (56)
pop <P

what follows from

2

IQ )(V(ax2 + bx)dvx =, (a)ed, 2)({ ZaJ v=w?2,..,p.. (57)
These Gauss integrals apply in evaluation of thef@n path integrals
x Lt xt j )(V( J. qqt)dtj a4, (58)

for kernels K, (x",t";x',t') of the evolution operator in adelic quantum medtgfor quadratic
Lagrangians. In the case of Lagrangian
22

L(dﬂ)%(—q;—/‘qﬂ)

for the de Sitter cosmological model one obtains

Km(x“,T;x',O)rl K (x"T;x'0)=1, x"x,A0Q,T0Q", (59)

where
2T 3

K, (x"T;x'0)=A,(- 8T)|4T|;% )(V(— AT

+[A(e+x) - 2] T +(X8TX)) (60)
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Also here we have the number 24 that corresporetdRamanujan function that has 24 “modes”,
i.e., the physical vibrations of a bosonic striltence, we obtain the following mathematical
connection:

2T3
K,(x",T;x'0)=A,(-8T )41, z)(v( AT,

" 1\2
(x"+x) - 2]I + (x"-x) j =
4 8T
> COSTIXW _ g,
o coshrx /142
IIZ

antilog oy

e g (itw)

= . (60b)
Iog[\/{lmil&j +\/{1o+47ﬁj]

The adelic wave function for the simplest groundeskeas the form

L(x),xOz

wA(x)=wm(x)’|;l)f20xlp)={olm'Q\Z, (61)

where Q(}xlp):l if |le <1 and Q(]xlp):o if |x|p >1. Since this wave function is non-zero only in

integer points it can be interpreted as discretermdsthe space due to p-adic effects in adelic
approach. The Gel'fand-Graev-Tate gamma and betdidmscare:

2(8)= [ X2 x. (d.x Z(l—a)' r,(a)= I|| (X)dpx - pa_:, (62)

ab=j X=X dx=r (@r.(b)r.(), (©3)
= j |><1a =X dx=r,(a)r,(b)r,(c), (64)

where a,b,c0C with condition a+b+c= 1and {(a) is the Riemann zeta function. With a
regularization of the product of p-adic gamma fiord one has adelic products:

I'm(u)ml'p(u):L Bm(a,b)ELBp(a,b):L uz 01, u=ab,c, (65)

wherea+b+c= 1 We note thaB, (a,b) and Bp(a, b) are the crossing symmetric standard and p-

adic Veneziano amplitudes for scattering of tworofehyon strings. Introducing real, p-adic and
adelic zeta functions as

= IRexd— mzlxﬁ_ldmx = ﬂ_zr(gj ., (66)

Zp(a): _1 =) IQPQO)(Ip))(IZ_ldPXZ 1_1 -
=¢.(a) sz(a) =¢.(a)¢(a), (68)

Rea>1, (67)
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one obtains
{\L-2)=¢,(@), (69)

where,(a) can be called adelic zeta function. We have #lab t
a)rLZ (@)= 2.(@)¢(a) = [ exrl- nxz)Xii_ldm j alx ) “*d,x. (69b)
pOl

Let us note thatexp(— 775(2) and Q(jx|p) are analogous functions in real and p-adic ca&dslic

harmonic oscillator has connection with the Riemaata function. The simplest vacuum state of
the adelic harmonic oscillator is the following 8ahtz-Bruhat function:

S
=24 !;chqxp\p), (70)

whose the Fourier transform
i) = [ xa (ko (x) rLQQk\ ) (71)

has the same form as,(x). The Mellin transform ofy, () is

a) = [y, (X dx = [ (X d.x rl <], ol b x= (gjn-iz(a) 72)

1-p

and the same fay, (k). Then according to the Tate formula one obtains. (69)
The exact tree-level Lagrangian for effective scdi@ld ¢ which describes open p-adic string

tachyon is
2

1 p
L ==
p g2 p_l

1 _% 1 p+l
{—EW ¢+p—+1¢ } (73)

where p is any prime numben,)=-07 +[* is the D-dimensional d’Alambertian and we adopt

metric with signature(-+...+). Now, we want to show a model which incorporaies p-adic
string Lagrangians in a restricted adelic way. ustake the following Lagrangian

L=Yce=Y"1p - [%wZn_zmzn%lcf”] (74)

nx1 nz1 n

Recall that the Riemann zeta function is defined as

)=¥ = =[]

sin®

, S=o+ir, o>1 (75)
1-p~°
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Employing usual expansion for the logarithmic fuactand definition (75) we can rewrite (74) in
the form

L = —ﬂ%qf@w o+ InfL- ¢)} . (76)

Where|¢1 <1. Z(%j acts as pseudodifferential operator in the follfgywvay:

L _(eg _K p(K)dk, -K2=kZ-k?>2+¢g, (77)
) 2

where g(k)= J' e g(x)dx is the Fourier transform a#(x).

Dynamics of this fieldg is encoded in the (pseudo)differential form of BRiemann zeta function.

When the d’Alambertian is an argument of the Rieman zeta function we shall call such
string a “zeta string”. Consequently, the abowe is an open scalar zeta string. The equation of

motion for the zeta string is

o), 1 Oy LS A
Z[Ej P Z( 2jqo(k)olk , ™

which has an evident solutign= .0
For the case of time dependent spatially homogensolutions, we have the following equation of

e ( jq(t) 2 )Iko>@£e“k°‘i(§]¢(ko) f%) “

With regard the open and closed scalar zeta sirthg equations of motion are

n21

(bl spong e o

i

and one can easily see trivial solutiprd= . 0

j e'xkz( J()dk Z[ E 1)9n(nz_l)_l(¢f+l—1)] 81)

nx1

The exact tree-level Lagrangian of effective scéield ¢, which describes open p-adic string
tachyon, is:

m | 1 T 1
L =—" -—¢p TP+ PR, (82
p 9,2) p_ll 2¢p ¢ p+1¢ ] (82)

where p is any prime numben,)=-07 +[* is the D-dimensional d’Alambertian and we adopt
metric with signaturg-+...+), as above. Now, we want to introduce a model wiicbrporates
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all the above string Lagrangians (82) with replaced byn[ON . Thence, we take the sum of all
Lagrangiansg, in the form

1 _TSF 1 +1
L=>»C C.— "+ —— , 83
Z ok = ,Z{ g2 n- 1{ 2¢n ¢ n+1¢n } (83)

n

whose explicit realization depends on particulasich of coefficientsC,, massesn, and coupling
constantsg,, .

Now, we consider the following case
C = n-1

n~= _2+h’
r]+

(84)

whereh is a real number. The corresponding Lagrangiatdsrea

— | (85)

1 & —5h
__wzr-] 2m
23
and it depends on parameter According to the Euler product formula one cartevr

& 1
z nam = |_| —Eh (86)
n=1

1 p2m

Recall that standard definition of the Riemann fet&tion is

Z(S):iézﬂ 1_5, s=o+ir, o>1, (87)
p

which has analytic continuation to the entire caampt plane, excluding the poird= , Wwhere it
has a simple pole with residue 1. Employing debnit{87) we can rewrite (85) in the form

m°| 1 O “n" g
L=m-2 Nl (e8
: g{ TP jw;mqf} @9)

O
Here
Z( 2m’

j acts as a pseudodifferential operator

oot

where g(k)= je(‘ikx)q(x)dx is the Fourier transform af(x).

j(ﬂ(x = }p(k)dk, (89)

We consider Lagrangian (88) with analytic contimuad of the zeta function and the power series

-h
n o
, L.e
Zn+1¢n
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mD 1 0 +00 n—h
L =—|-= +h |p+ AC 1, (90
h gz |: Zd(zmz j¢ ;n_'_lw] j| ( )

where AC denotes analytic continuation.
Potential of the above zeta scalar field (90) isa¢tp — L, at 0= 0, i.e.

-h

W= 2 <l)-AcT o,

2 ~n+

where h# 1since ¢(1)= . The term with{ -function vanishes ah=-2,-4,-6 ,..The equation
of motion in differential and integral form is

(( =+ hjqo: Aci n"g",  (92)

2m n=1

respectively.

Now, we consider five values oh, which seem to be the most interesting, regardhng
Lagrangian (90))h= 0O,h=x1 andh=x2 For h=-2, the corresponding equation of motion
now read:

o2 e ei*kz(— - 2}65(k)dk - ‘é‘f;)ls) . o4

This equation has two trivial solutiong{x)=0 and ¢(x)=-1. Solution ¢(x)=-1 can be also
shown taking @(k) = -a(k)(277)° and ¢(-2)=0 in (94).
For h=-1, the corresponding equation of motion is:

= O S S0 (L SO IS
Z(Zmz 1j¢ R .[RDG Z( o7 1J¢(k)dk i-of ©9

1

12°

The equation of motion (95) has a constant tris@lition only forqa(x) =0.
For h= 0, the equation of motion is

where {(-1)=-

o=t L e 2 |aligak=—2-
Z(sz}”‘(zﬂ)DLDe 5( 2m2]¢)(k)dk L, 00

It has two solutionsg = @nd ¢ = 3 The solutiong = 3follows from the Taylor expansion of the
Riemann zeta function operator




as well as fromp(k) = (277)°33(k).
For h =1, the equation of motion is:

1 oA K ) —Lin-or
WLDG g( 2m2+1}(p(k)dk 2|n(1 9. ©9

whereZ(1)= gives V(@) =.
In conclusion, forh= 2we have the following equation of motion:

1 e s K ~ __ein(-w)
2P [.¢ Z( 2m2+2]¢(k)dk— J-O—ZW dw. (9

Since holds equality

R e I WESO

0 W n

one has trivial solutiog = in (99).

n®-1

n? -

_m°| 1 o O @
L—?{ 24;{5(%2 1j+([2m2j}¢+1_¢] (100)

The corresponding potential is:

In this case, from the Lagrangian (83),

Now, we want to analyze the following case; =

we obtain:

V(g)=-"370 5 11
=" =g @D

We note that 7 and 31 are prime natural numbe&rsgn+ 1with n=1 and 5, with 1 and 5 that are
Fibonacci’'s numbers. Furthermore, the number 24laed to the Ramanujan function that has 24
“modes” that correspond to the physical vibratioha bosonic string. Thence, we obtain:

Jm COS7EXW oW iy
antilog”> COSh/x ek %42
—Iﬁw‘ t W
__n° 31-Tp e * q(itw)
((0) g 2 4(1_ ¢) ¢

. (101b)
N(loulﬁj \/[10+7\/§H
og .||l ———— |+ || ——
4 4
The equation of motion is:

)y oo

Its weak field approximation is:
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0 O _
{Z[Zmz —1)+Z(2m2j—2}go—0, (103)

which implies condition on the mass spectrum

M2 M2 ) _
Z(zmz —1j+z(2m2j =2. (104)

From (104) it follows one solution fav*> @t M*= 279m" and many tachyon solutions when

M? < -38n7.
We note that the number 2.79 is connected \mim\/_ST_l nd ® —\/_Tl i.e. the “aurea” section

and the “aurea” ratio. Indeed, we have that:

2
[JE +1J L1 (\/ET‘lJ = 2,77254201 278,

2 2

Furthermore, we have also that:

()7 + () ®"" = 2618033989 0179314566 2,79734

With regard the extension by ordinary Lagrangiae,have the Lagrangian, potential, equation of
2

motion and mass spectrum condition that, Wﬁ?gr:l:n—z_l, are:
n

Hl o e £ o
m— { 0)+1- Ian——] (106)
(aw J o

M M2) M2
Z(Zm2 _1j+z(2m2j “ e 109

In addition to many tachyon solutions, equation8jl@as two solutions with positive mass:
M?= 267n" and M? = 466m’.
We note also here, that the numbers 2.67 and 4e&6ekated to the “aureo” numbers. Indeed, we

have that:
2
[\/§+1J 1 (*/52'1)52.6798,

j——+1qo ping? + p+ 71— 20~ ¢ (107)
m’ -9r

=/

2 20

[\/§+1J2 +[x/§+1}r 1 (\/§+1J 04.64057.
2

2 2 2
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Furthermore, we have also that:

(@) +()™" = 2618033989 0,059693843= 2,677727§
(@) + ()" = 4537517342 01271565635 4,6646738

Now, we describe the case @, = x(n) nn_zl. Here 1(n) is the Mobius function, which is defined

for all positive integers and has values 1, 0,defending on factorization of into prime numbers
p. Itis defined as follows:

0, n: pzm
u(n)=1(-1), N=pp,.-Po P #p, (109)
L n=1(k =0)

The corresponding Lagrangian is

Lﬂ:C0£0+rg z” )¢+z”() 21 (110)

I’IT

Recall that the inverse Riemann zeta function eaddjined by

Zw: rg) s=g+it, o>1 (111)

Now (110) can be rewritten as

¢

m°| 1 1 S
Lu:Co%+? _ECOTDJCU"'J-O M(@)dg|, (112)

2m?

where M(g) = z::,u(n)qd‘ —p-¢-¢g-g+¢ —¢ +¢°-¢g"—... The corresponding potential,
eqguation of motion and mass spectrum formula, sy, are:

wo)=-1,0=0="T S oh-ng)-g - [ nlee], 013
- M(9)-Cosp- 2L ping=0, (114)
O m
{6
2’
: —COM22+ZCO—1:O, ld<<1, (115)

M 2
)
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where usual relativistic kinematic relatiok? = —k? +k? =-M? is used.
Now, we take the pure numbers concerning the 4G4, @nd (108). They are: 2.79, 2.67 and 4.66.

J5+1
2

We note that all the numbers are related wdthe

, thence with the aurea ratio, by the

following expressions:

2790(0)*7;  2670(d)¥ +(0)*";  4660(D)? +(®)*7. (116)

5. Mathematical connections

Now we describe some possible mathematical cororectetween some equations concerning the
p-adic, adelic and zeta strings and some equatimmserning the Riemann Hypothesis.

With regard theChapter 1, we have the following interesting connectiongwaen the eqgs (1), (8)
and (10) and the egs. (55), (69b) and (78}loépter 4:

n=1n n=1 nX r|=1nX
:s( 1 02(1:5 [ﬁldx: §X_£1X} d=
1\nsx /X 1 X 1 X
s T1X
=S—_1—s {)(S+}1dx c>1

1
= Ala, b) = gf)J'Qp |X|z_1|1— X|l;_ldx =

= ¢\@)=<. @[] 4 @)= 2. @K )= [exd-mpax g, ol b e @)

pO

nX n=1n
g Lo 5 o
1 \nsx X 1X A X
s X
:s_—l_sl{x“}ldxo>l
~¢5le=15 ezl =X 1o(k)dk =2
Z( jw (Zﬂ)osz_kzm Z( quﬂ(k)dk -0 (118)
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L (4O 05 s
L|J(X)—|Imrﬁw ( 29 s,x>0

= Afab)= gpIQp|>42 - xlt;_ldx =
= ¢ (@)=2. @[] =< (k)= [ e n ) ax ], ald, - dx. (119)

alT

i 1 TS)), s ds —
qJ(x)_anmajiT( @ S,x>0

S g K)o k=2
Z(ij (Zﬂ)D.[kg—R2>2+€e Z( 2]¢(k)dk 1_¢, (120)

2 -2n+1

P (x) = Jw(t)dt— - X" 1 - Zn: 2:(2n-1) - xlog(2m) + const—
(

X
2 % (p+
-

A(a,b gZJ' |x|a_1|1— x|l;_ldx =N

a-1 1 a-1
= 4(a) |‘LZ ()¢ (a)= [ expl- )% d.x B I, olq a2y
P (x) = jw(t)dt—_ _ Z xPH Z X xlog(2m) +const—

~p(p+1) Fan(2n-

— = i ixk _k_2 -~ — i
—)Z[ ngo (Zﬂ)D v'.kg—E2>2+£e Z( 2 j?(k)dk 1- P . (122)

With regard theChapter 2, we have the following interesting connectiongweaen the eq. (16) and
egs (55), (69b) and (78) Ghapter 4:

_S

z(s>=§s(s—1)«s>r[j 7= (s- 1><(s)r[ j e

—

T otps g, _pt°dt
I'(s):=£ett 1dt—£e_t7
= Aab)=gpf, ;-4 dx=

= 2,@)=¢. A ¢,(a)=.(aK )= el m N ax g 2 ol I

Olp=_1 A K= _ 9
_)Z(ij (27T)D -[kg—lzz>2+£e Z( ngﬂ(k)dk 1_¢ (123)
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With regard theChapter 3, we have the following interesting connectiongwaen the eqgs. (24)
and (45) and the egs. (78) and (112Lbbpter 4:

3(- c(s) {E(Oﬂt W ER €(0+'2t B

" o+it) ¢(o +i2t)
~¢[5 o= C -9
Z( ij (27T)D J.I(g_|22>2+£ Z( J ( )dk 1 w

D

m 1 1 ®
—L, :Cofo"'? ‘ECDT(”"‘L M(@)dgp|, (124)
2m

caor( 9 =gy =m 2 ()
g(o)=rm I‘(Z) gl-o)=m F( 2)

— 1 ixk _k_2 - :i N
Z( j{o P o) P Z( 2jcﬂ(k)dk o

D

m 1 1 ©
=L =Cob+ 7| et [, Mg, (125)
Z(Zmzj
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