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Abstract

In this paper we have described, in the Section 1, the Fibonacci’s zeta function and the Euler-Mascheroni
constant and in the Section 2, we have described some sectors of the string theory: zeta strings, zeta
nonlocal scalar fields and some Lagrangians with zeta Function nonlocality. In conclusion, in the Section 3,
we have described some possible mathematical connections.

1. The Fibonacci’s zeta function [1], [2], [3], [4], [5], [6]

The Fibonacci’s zeta function is defined as:

v 1
Fls): ;1 Fib(k) @

where s=a+jb.

The logarithm of the Fibonacci’s zeta and the Fiborial

Let F(s) the Fibonacci’s zeta, then is:



_InF(s)

S

= In(Fib#), dove Fivs - kﬁa_lFib(k) (2)
We have that Fib# is the Fiborial , i.e. the product to the infinity of the Fibonacci’s numbers.
We can write the eq. (1) also as follows:

) =S =S =S =S )
F(s)=1 +1 +2 +3 +5 +8 +.

F(s): o sinly -sinl, -sn2, -skn3, -sn5, -slng,

InF(s)=-s(Inl+Inl+ In2+ In3+ In5+1In8+...)

k=1

where we have applied a note property of the logarithms.

Generalization of the Gamma function for various series

If we want to reach a possible functional equation for the Fibonacci’s zeta, then we need to ask first how to
express the "Fibonacci’s Gamma”.

We known that the Gamma function I (x) is an extension of factorial, by an integer k to a real number x.
The Gamma function was studied by Euler (see [1]) and has a significant importance in Number Theory and
in the study of the Riemann zeta.
In general we know that I (x) enjoys some of the following properties:

1. f(k+1)=k!, k=0;

2. T(1)=1,T(x+1)=xTI(x) e (x) is the unique solution of this functional equation for x > 0;

3. Tia) = limpo ootk K3/ (el + Do (e + k)= limgsse (K50 [T G/ +0) x 2 0, -1, 2 .

(Euler form);
i IS, 1 oo Sy XS i . i
4, /T =xe" [T 1+ x/i)e (Weierstrass form) where vy is the Euler-Mascheroni constant

defined by J = l{rgil (%) - logk;

5. Fli—x) = —m/(xsinmx} (property of reflection), T'(X)T'(1 —x) = m/smmx (property of
extension) and (1/2)2 =m.

From above we can tell which should be considered in the follow, both the Euler form and the Weierstrass
form.



Generalized Euler form

We consider a series g¢> 0, k > 0 and an extension g(x) > 0, x > 0 with the property that:
g(k) =g and (X} = limg_. o 2(x + &)/ (k) there exists and isn’t zero.

From the above property 3, we have:

r ,(x): limg(x)l' ,k(x)

3
'hm/\(x)g() |'| 2(0) ,g(x+1)¢ 0,i=0,1,2,.. ©)
g(x) i glxt
where A(x) is to establish.
Thence
. (k W +1) o alk) el
Mo+ 1) = —— S0 2 00 82T 2
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we obtain
. Mx+ 1 _ .
Fx+1)= #g[.r}l—'y[.r}

[(x + 1)A(x)
If we choose A(x) such that

AMx+1)
Ix+ DA(x)

for example:
AMx 4+ 1) = Kx + 1)A(x),
we obtain

Mt )= gl (%) “4)

If we take Ig(1) =1, we obtain Felk+ 1) = I_[r | &i

Furthermore, from eq. (3) we have:

z(k)
(1) =1 li l)————
(1) =:~._1n_1r[ };.'fu‘-k]}
=1=A4l)=1I1)
such that

k) = TE 1G),



With this restriction, A(k) can be extended to A(x) or to have I (x) with additional properties.
Using the eq. (4), [(x), x > O satisfy the relation

InTyx+1)=InT,(x)=Ing(x)
Example A

A simple generalization of g, =k is gy=ak+ b with a, b choose such that g, >0, k> 0. Thence, we obtain:

. (x + k) + £ .
g(x) =ax+ b, l(x) = khﬂ% =1 and Ak)=1.

If we take A(x) =1, we obtain:

ke

(ak + b)* ]—[ ai + b
alx+ i+ b

Fo(x)= li
slx) .k]ﬂ,- (ax + b)

i=1
with
Motk + 1) = [T5 i + by

The Figure 1 concerning the product of the odd numbers.
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Figure 1

— Tk .
(a) show T,(x), an extension of the product Petk + 1) =TT (@i + B) 4o the real numbers, for a=2, b=
-1. (b) show the comparison with the normal Gamma function I(x).

Example B
For the Fibonacci’s numbers is:

glx) = Fy = (¢* — ¢ “cosimn)) /e
where @ = (14 +/5)/2 ,i.e. the aurea ratio, and c =5, and thence:

Ix) = lim ¢*H gt = ¢*
k—sag

and
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Mk =TT, 6" =

The most simple and effective extension is:

Ax) = ¢-:.I.' /2
and we obtain
(x) ¢ (x+1)x/2 111’1’1 F;( ﬁ F: (5)
where T¢(k+1)=(k!)-
The Figure 2 show T(x).
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Figure 2

'/x), an extension of the Fiborial to the real numbers with the property that [ (k + 1) = (k!)-. (a) show the
values for -2 < x <1 (b) show the values for 0 < x<5.

Weierstrass generalization form

Using the eq. (3) and assuming that A(x) and g(x) are differentiable, we obtain:

@ _ 1@ g O¢ g6t o0
L@ Tw e ML e MW ©

which suggests an Euler-Mascheroni generalized constant:

O g') 0
=1 =—-Ing(k 7
G e I

(we remember that the Euler-Mascheroni constant can be written also as follow

P S
V—llmHZ H—L Eﬁ x%dx, (7b))

"0 0
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thence y becomes the associated constant to the series g, = k.

k yps ks k pgs

o ) — (1) g &zl
elky" = cxp(.\'(]ng[f-;} - Z — ) +_rz ~ ) = l:xp(—.r}f,\,—i-.rz — )
o\ = gl) = et _ gli)

=1

Thence the Weierstrass generalized form (see property 4) becomes:

0 ()0
1 (x) ey (X+l) ngIH

r(x) TR P

While the generalized reflection formula becomes:

@0 G g(i)’
LUy | R prass S
and since Ty(1 - x) = g(-x),(-x),
we obtain
A (0)h (-x) 7 g(i)’
R L L
DlDz A(/)A( /)ﬂ g(i) 1)
RLF T e e v
Example A

For gy=ak + b, as before, the Weierstrass form is:

I = ax -
— Pyt 1 = aifr)
ro(0) = (ax + b)e H ( +m n h)a

lim 3 ¢ (ak + F
Ye - = ai + b ’)
=—a/b—Ina— (h)
i

(Yo is the digamma function), and the eq. (11) gives:

where
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(]) 1 d ai + b
5 ; - f o [ 2
- val2Z+bi V @i+ b)” = a*/4

C(b/a+ 1/2)
Jarthfa+1)

The functional equation T,(x + 1) = (ax + b)[,(x) , thence, becomes

k ’
]
Ik +1/2)= 1_[ (ali — 1/2) + b)), (;)

=1

-

. 1
=(a/2 — ."J}'E‘fc!l"” (—) fork =0

Example B

For the Fibonacci’s numbers the Weierstrass form is:

] O

_ {;b (d1)x,2 I-‘I_ E.-'"'.}"F ]—[ I"_‘._- i e -"-'.I'T_."_."_F'_,
’ F;

[plx) ik

(12)

where y:=0.6676539532 ..., and the eq. (11) gives

1\ _ ¢S R
FF(_) - =
2 \.-'II-I'I_."E :!j!: \ff'l_.-'j Ir‘r' 17241

— a2
since F+1724 =877/ foriinteger.

We have that:

rﬁ(,],:) - (EE)H]E[(I — (~¢ 3}’) — 1.7273179426. ..

i=1

Alternatively, can be considered a closed form for the constant of the Fiborial (Sloane's A062073

[4])

00 ) b I8
]_[(1 —(-¢7%)) = (f—) FF(;) (=1.2267420107...)

s i

(If we replace T¢(1/2) with [,(1/2) where &) = (¢ — ¢~ " cos(mx)) /€ gng @ is the aurea ratio,
the precedent result can give a closed form for the infinite product where ¢ > 1. This product is
linked to the partitions functions and the g-series)



k i _gl.El.'E p
1 - 1
Cpk +1/2) =] [ F |_,.-3FF(;) = ”fTrr(;) for k=0

i=1

Other series and generalizations

N — d e .
Generalized Gamma functions can be obtained also for series as: &(X) = 2_; cix' gla) = (22 6ix'} " ang

. — v gl . . .
g(x) = )i €ir{ etc. The Euler-Mascheroni generalized constant can also be used to introduce sequences

Peo o . . " fiNdi
that are well known. If &' (i)/gli) = fli) then &£() = Ael 1 ' (A constant) such that:

k
Ve = a{”]ﬂ-( fli) = In Hff’c})
ksoo | & |

f=

- e y l—z5y_ .- . -
For example, fli) = 1/i% 750 from &(x) =e* N5 with ¥ = 02} the Riemann zeta.

(”) _ [T g
m/), Iliciglli=" g

can be extended to real numbers using:

1) _ Co(x +1)
(_1- e T4 Dl (x =y +1)

The Beta function can be also generalized to:

_ o (xX) T (1)
B’[_ - 1) = 'l'—
slx, y) [e(x+ y)

The logarithmic derivative, analyzed previously, generalizes the digamma function

d = x—1
Po(x) =—InTl(x) = -y + Z TR Y
d i=1 ix+i—=1) with Yoll) = —¥%. Thence:
d IM(x)
Lol xX) = —InTL(x) = ==
Vgo(x) dox n1elx) Iy x)

A'(x) X dDg(x+i—D—=glDg(x+i-=1)
—_ N ]/:l_‘r + Z o N A
Alx) r glijgix+i—1)

glx+i)#20,i=0,1, 2, ..., using the Weierstrass form.



This satisfies also other relations:

g(x)
g(x)’

1":",1,’.0[..‘1' + ]} - whr_ﬂ[.-'ll.-} -

Considering
Wolh) = —yp + Hyy

k .
where ik = Ef—l 1/1 is the k-mo harmonic number, the 'g-harmonic' number can be defined as
Hoy =0 /gl

Analogously, if we assume that g(x) is differentiable, also the properties of the poligamma function

e A ] K
Wrea (%) = d%/dx"4r, 0¥ can be considered.

For example:

Y1) = Z!'— In iy V= (" klegk + 1), k=0,

i=l1
while

. 1 + iyl
_1-_|+Z[ ngii))

i=1

-ﬂ‘l:‘ry__il- ( ]} = [.]I'I J.‘”:'_-'L.”{-fi 1)

Thence a 'g-zeta' can be defined as
Lolk) = ii (— In g(i))*
# (k —1)! .
f=1 with k>1

when g(i) = ai + b, we obtain
— 1

&lkh) = Z

i=1

(i+ b/a)

that can be extended to the real numbers and becomes the Hurwitz zeta function:
o
1

tbfa+1,x) = Z

i={

(i+b/fa+ 1)

For the Fibonacci’s zeta, thence, we can take in consideration the eq. (5) or the eq. (12).

1.1 The Euler-Mascheroni constant
The Euler-Mascheroni constant (see eq. (7b)) is a mathematical constant, used principally in number theory

and in the mathematical analysis. It is defined as the limit of the difference between the truncated
harmonic series and the natural logarithm:

TR TP S S S O
r= ETE” 2737 ln(n)@’

that we can rewrite in the following form:



vty gl [ o

where [X[] is the part integer function.
We have that } has the following approximated value y U 0,5772156649.... The constant can be defined

in various modes by the integrals:

e s s B g LR e
J = .[0 ex dx = Iolnln@xgdx—k Ql-e‘x x@e dx—IO xghx e @dx, (7¢)

The Euler-Mascheroni constant is related to the zeta function from the following expressions:

L S G0 A (VL) DS ) S ). L
L e T e i g

The constant is also linked to the gamma function:

1< O0nd n
= i r - 1i o=
y = 1r£1x Hx@ nﬂr?n lﬁﬁka kﬁ' (7e)

and to the beta function:

I-H H 1+1/n ,

y = lim 20 -2

FH2+n+—H ntl
n(]

Now we describe two theorems related to the Euler-Mascheroni constant V .
Theorem (1).

For positive integers @ we have

.1 .a
llm—'[l {a/ x} dx=1-y where J is the Euler-Mascheroni constant.
a- v

We have:

10



(ara-1)Jal (a/a-2)0al a [al %

Ila{a/x}dX: L"(a/x)dx- J']“Da/xﬂdx: L“(a/x)dx- EL Hdex Ia/a y HXde Lt I(a/Z)H;de
- I:@%de ‘:ZIE a 1) E(a— i) = aln(a)- lza i+ a.

Therefore,

1imlI”{a/x}dx= lim~Calna)- § £+ a
l

a4mal aﬁmaD ;

= 1- lim(H, - ln(a)]) = 1-

a- o

1
Q»—A
 —
—_
=
1
1 et IS
| —
+
—_
 ——
1

Theorem (2).

If p, denotes the n prime number, then we getas n » ®

el mp)

=0 where d(i): P~ P
e pn-1%&, p, n-1

We start by using the result of theorem (1), as 7 - ®

B L A L LA
p, ' O0x1[ p,t 0x1[ p, e xl p, e x [ p, el x [

_ 1 ol PmDan - 1 ol Pm& _ 1 ol PlenD -

_PnzoL’“ Hdex pnlzojpi xd P,“Zoj‘p dex

_ln(p)— an_IIPID&de, (7h)
! D, =0 X
Now we proceed in two directions:
1)
cral) 1
1y <inlp)- -5 (o pEes 8= nlp) - § 95 (- )
y <In(p,)- ZO Pt~ p)%pi n(p,) ) ) pnizo(pl P,

il § AL 2Ll AL )5,

=o D; b, =o P =1 P
Hence we get
§IM< In[p,)-1+y .
=1 D

2)

11



1 =t ) ;1-1@2

-y = 1 "‘”Dpnd>1n AN - p) Pz n(p)-
y Xoj x> In(p,) pnizo(pll p,)pH1 (. oo
n-1 .
ilp)- § ?1 -
i=1 it1

Hence we get
n-1 d( )
i=1 p,+1

>In(p,)-2+y .

Combining, the above two cases, we get

n- . n-1
1n(pn)-2+y<z‘? d{g)
i1 Fi+1 i=1 i

<In(p,)-1+y .

Dividing by - 1 and taking limitsas # - © , we get the following result, i.e.,

ol "'ld(i)_ln(pn)zo_
men-1& p n-l

2. Zeta Strings, Zeta Nonlocal Scalar Fields and Some Lagrangians with Zeta Function Nonlocality [7], [8],

[9]

The exact tree-level Lagrangian for effective scalar field 9 which describes open p-adic string tachyon is

RS S¢+ ¢"” 13)
" g p-1pg 2 1

where P is any prime number, 0= -df + 02 is the D-dimensional d’Alambertian and we adopt metric

with signature (- t.t ) . Now, we want to show a model which incorporates the p-adic string Lagrangians

in a restricted adelic way. Let us take the following Lagrangian

cyce=y " lp . Lo
nZl o nzzl” gZH



Recall that the Riemann zeta function is defined as

— sz +il, 0 >1. (15

Employing usual expansion for the logarithmic function and definition (15) we can rewrite (14) in the form

.. 10t.o _o)F
L= ngzq)Z@Z@wwln(l ¢)H, (16)

O
where |(p| <1.{( @EQ acts as pseudodifferential operator in the following way:

g@%@m): ! Iei’fk(%—gﬁf(k)dk, -k k- kP> 2+, (17)

where 0 (k)= J‘e('i’o‘)(p(x)dx is the Fourier transform of ¢(x) .

Dynamics of this field ¢ is encoded in the (pseudo)differential form of the Riemann zeta function. When
the d’Alambertian is an argument of the Riemann zeta function we shall call such string a “zeta string”.

Consequently, the above ¢ is an open scalar zeta string. The equation of motion for the zeta string ¢ is

- 1 ix _ k2 - _ 90
ELP ) ( jkg'1;2>2+se kZ % _E‘O (k)dk_ 1‘_ (18)

¢

which has an evident solution ¢ = 0.

For the case of time dependent spatially homogeneous solutions, we have the following equation of
motion

FLH0 BT ) o

13



With regard the open and closed scalar zeta strings, the equations of motion are

and one can easily see trivial solution ¢ = § = 0.

The exact tree-level Lagrangian of effective scalar field 9, which describes open p-adic string tachyon, is:

mD 2D1 _iz 1 D
ﬁ:—p D—— Zmp + p+1D 22
et e

where P is any prime number, 0= -012 + 0% is the D-dimensional d’Alambertian and we adopt metric
with signature (- LI ) , as above. Now, we want to introduce a model which incorporates all the above

string Lagrangians (22) with P replaced by n N . Thence, we take the sum of all Lagrangians £, in the

form

+o +o mD nz D 1 _ZDZ 1 D
L=YCce-=Y C— 0- —pn g+ ——p"'0, (23
Z nzzl”gfn-lg A At (23)

whose explicit realization depends on particular choice of coefficients C,, masses m, and coupling

constants g, .

Now, we consider the following case

14



where £ is a real number. The corresponding Lagrangian reads

L DD 1 +o _Zuz_h +o n—h +1D
=0 ey n> ¢ty —¢" 25
gl ) *) i1’ ] @)

and it depends on parameter / . According to the Euler product formula one can write

L=
. (26)
n=1 pl_p2m2

Recall that standard definition of the Riemann zeta function is

+o 1 1 .
{(s)=§ == ., SE0+tit, 0>1, (27)
n:ln P l_p

which has analytic continuation to the entire complex § plane, excluding the point s = 1, where it has a
simple pole with residue 1. Employing definition (27) we can rewrite (25) in the form

D to n'/’l D
H +h + A ntl ) 28
g e R s TRy

0
2m*

Here { H
[

+ h@ acts as a pseudodifferential operator

0 1 wr 1K ~
(@2m2+h§(p(x)- (2n)DI€ Z% 2m2+h§p(k)dk, (29)

15



where (/)N(k) = Ie('ikxwx)dx is the Fourier transform of (/)(x) .

We consider Lagrangian (28) with analytic continuations of the zeta function and the power series

-h

Z %q)”” Ji.e.

0 0 +o n-h +ID
L, - - + t ACY ——¢"
ey M@zmz h@«) C;n”fp 0. (30)

where AC denotes analytic continuation.

Potential of the above zeta scalar field (30) is equalto - L, at 1= 0, i.e.

” IW”E, (31)
n=1

where /% 1 since ( (1) = w . The term with { -function vanishes at /= -2,-4,-6,.... The equation of

motion in differential and integral form is

(@ Dz+h@¢:AC2 P (32)

w0 K S
JRDezka E_ 2m2 + h%ﬂ (k)dk: ACZ n h¢,, , (33)

n=1

respectively.

Now, we consider five values of /i, which seem to be the most interesting, regarding the Lagrangian (30):

h=0, h=1t1,and h=+2. For h= -2, the corresponding equation of motion now read:

Z@ - 2@¢ - 1 [ €™ % kzz - 2%&(/«)&

2m (21)” 2m

1"
S
=

+
=

(34)

This equation has two trivial solutions: (p(x) =0 and (p(x) = - 1. Solution (D(X) = -1 can be also shown

taking ¢ (k)= -8 (k)(21)” and { (- 2)= 0 in (34).

16



For h = -1, the corresponding equation of motion is:

7k = . 1@«; - 1 €™ % 2’;2 - l%ﬂk)dk: (1_‘/’¢)2. (35)

where { (- 1)= - —.

The equation of motion (35) has a constant trivial solution only for (D(X) =0.

For h = 0, the equation of motion is

It has two solutions: ¢ = 0 and ¢ = 3. The solution ¢ = 3 follows from the Taylor expansion of the

Riemann zeta function operator

as well as from ¢ (k) = (21)”30 (k).

For h = 1, the equation of motion is:

1
(2n)"

"7 - K’ i1 N(k)dk: - lln(l' (P)Z (38)
IRD 2m? 2 ,

where { (1) = 0 gives Vl((p) o,

In conclusion, for s = 2, we have the following equation of motion:

17



(2zrl)f WYE IZ 2E¢f(k)dk:-I‘”_ln(l_'ww)zdw. (39)

Since holds equality

one has trivial solution ¢ = 1 in (39).

2

. n -1 . . .
Now, we want to analyze the following case: C, = . In this case, from the Lagrangian (23), we obtain:

n

b
L= e
g [

‘ 3

ol B e (B2 B+ 20 o)
00 0

1
2 2m 0 02m*0g 1-9¢

The corresponding potential is:

m_D 31-7¢

Vie)= - 2. (41)
((/)) s 24(1_¢)(p

We note that 7 and 31 are prime natural numbers, i.e. 6nt 1 with #=1 and 5, with 1 and 5 that are
Fibonacci’s numbers. Furthermore, the number 24 is related to the Ramanujan function that has 24
“modes” that correspond to the physical vibrations of a bosonic string. Thence, we obtain:

0 = COSTxW'

ITx Wd
Gl o
m® 31- 79 0 4' (iew) g tw
Vip)= - ——=—"p 0 A AT . (41b)
o) g 24(1-¢)

10g§\/H10+L111\/§H+ \/H10+47ﬁH§

The equation of motion is:

18



ﬁ(H 2 afer DZHEq): ¢|(¢'1)1;”|. (42)

02m* 0 02m*Q (p-1)

Its weak field approximation is:

O 0
-2 = 0
2@ H¢ , (43)

2m® 2m

pe gl

which implies condition on the mass spectrum

LN
m m

From (44) it follows one solution for Af%> 0 at M?= 2.79m> and many tachyon solutions when

M?< -38m?.

We note that the number 2.79 is connected with ¢ = , i.e. the “aurea” section and

\/g—l \/§+1
2

and ¢ =
2

the “aurea” ratio. Indeed, we have that:

2
E*/g+ 1% ; i%%% 277254210 2.78.

2 22

Furthermore, we have also that:
(0)*7+ (0] = 2,618033989 + 0,179314566 = 2,79734

With regard the extension by ordinary Lagrangian, we have the Lagrangian, potential, equation of motion

2
. n -1
and mass spectrum condition that, when C, = S— are:
n

19



0 , 0
Vip)= —%HZ (- 1)+ ¢(0)+1-Ing>- ﬁH' (46)

0,0 o of4 o D: 2 2-9°
H{@ 5 1@%@ @ m2+1H¢ 0 Ing +(p+(1_(p)2, (47)

B B
m m

2m?

In addition to many tachyon solutions, equation (48) has two solutions with positive mass: A% = 2.67m?>
and M* = 4.66m”.

We note also here, that the numbers 2.67 and 4.66 are related to the “aureo” numbers. Indeed, we have

that:

2 2105

R (R

H\/@ 1H2+ H\@ 1H+ LH%HD 4.64057 .

2 2 2°

Furthermore, we have also that:

(q) )14/7 + (q) )'4”7 = 2,618033989 + 0,059693843 = 2,6777278;

(q, )22/7 + (q) )‘30/7 = 4,537517342+ 0,1271565635 = 4,6646738.

Now, we describe the case of C, = [I (n) L >—. Here [l (n) is the Mobius function, which is defined for all
n

positive integers and has values 1, 0, — 1 depending on factorization of 7 into prime numbers P . It is

defined as follows:
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HO, Dn = pzm
i
(_ 1)k’ n= pp;,...ppp; # p; (49)

u(n)= g
1, “n=L(k=0)
The corresponding Lagrangian is
DD +o
m’ 1 & u(n) #(n) n+1u
Coly t =y 2(/1”21 %(/J Z 0 (60
[ 2m [

Recall that the inverse Riemann zeta function can be defined by

u(n) s=0 tit, ¢ >1. (51)

Now (50) can be rewritten as

il 0
m" o 1 ® :

L= Chr =0 e ijo Mipldpl, (52)
I T :

where Jl/l((p) = Z ::lu (n)q)" =0-02-0°-0740°-9"+90""- 0" - ... The corresponding potential,

equation of motion and mass spectrum formula, respectively, are:

boc p 0
V,lo)= -Lu(D=0)='Z—zH?W(l-lnwz)-fﬂz-jOM(deH, (53)
1 O -
N H<o M)~ C,—9 2pmp=0
02m* ]
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where usual relativistic kinematic relation k* = -k, + k> = - M” is used.

Now, we take the pure numbers concerning the eqs. (44) and (48). They are: 2.79, 2.67 and 4.66. We note

that all the numbers are related with ¢ = \/§+1

= , thence with the aurea ratio, by the following
2

expressions:

2’79 0 (q) )15/7; 2,67 0 (Q) )13/7 + ((D )-21/7; 4,66D (q) )22/7 + (q) )-30/7. (56)

3. Mathematical connections

Now we take the egs. (5) and (12) of the Section 1, and the egs. (18), (21) and (36) of Section 2. We obtain
the following mathematical connections:

_ (e Dx/2 ] F_kv 4 F 1 ixk _k_2 ~ _ 9
0= ] T Gl T S P 0
1 , k[~ 0 . n(n-l) ) 0
0 whe B- 200 (k) dk = " 6 2 pm'-1)g0
(2n)Dje ZE 4%]( | ZHH " ne ) o )E
! wp B K By e 9
0 (2,T)DJRDe E 2m2H¢0(k)dk g 17
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] o

= ¢~ Dx/2 g g*vF ]_[ ‘Li—.l it

i=1

1

Iplx)

Now we take the egs. (7h) and (7i) of the Section 1, and the egs. (18), (21) and (36) of Section 2. We obtain
the following mathematical connections:

n- ld(l)
iz 1pi+1

- Dp -
1-y=1 -— L d ]
y = In(p,) pn,zoj x=In(p,) -

- 10

! wip B K Dy - 9
(2n)DLc§-122>z+ee Z% 2%‘”“‘)& 1- ¢ -

23

0




Acknowledgments

The co-author Nardelli Michele would like to thank Prof. Branko Dragovich of Institute of
Physics of Belgrade (Serbia) for his availability and friendship.

References

[1] Sulle spalle dei giganti - Rosario Turco, Maria Colonnese, Michele Nardelli, Giovanni Di Maria, Francesco
Di Noto, Annarita Tulumello

[2] C’e solo un’acca tra pi e phi - Rosario Turco, Maria Colonnese

[3] Gamma and related functions generalized for sequences -R. L. Ollerton

[4] Ward, M. (1936), un calcolo di sequenze. American Journal of Mathematics 58: 2, pp. 255-266.

[5] Sloane, NJA (2006) On-Line Encyclopedia of Integer Sequences - Disponibile online all'indirizzo:
www.research.att.com/ ~ njas / sequenze / (accessed 23 giugno 2005)

[6] Andrews, GE, Askey, R. Ranjan, R. (1999) Funzioni speciali. Encyclopedia of Mathematics and its
Applications 71, Cambridge University Press, Cambridge

[7] Branko Dragovich — “Zeta Strings” — arXiv:hep-th/0703008v1 — 1 Mar 2007.

[8] Branko Dragovich — “Zeta Nonlocal Scalar Fields” — arXiv:0804.4114v1 — [hep-th] — 25 Apr

2008.

[9] Branko Dragovich — “Some Lagrangians with Zeta Function Nonlocality” — arXiv:0805.0403

vl — [hep-th] — 4 May 2008.

24


http://www.research.att.com/~njas/sequences/

