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Abstract

In this paper we have described, in thection 1 some mathematics concerning the Andrica’s
conjecture. In th&ection 2 we have described the Cramer —Shank ConjectutbeBection 3 we
have described some equations concerning the pegsibof of the Cramer’s conjecture and the
related differences between prime numbers, pritigighe Cramer’s conjecture and Selberg’'s
theorem. In th&ection 4 we have described some equations concerning-#ucpstrings and the
zeta stringsin the Section 5 we have described some equations concernin@tuzformation in
toroidal compactification for N = 2 gauge theony.coonclusion, in th&ection § we have described
some possible mathematical connections betweemusrsectors of string theory and number
theory.

1. The Andrica’s Conjecture [1]

In this section we will show some mathematics eslato the Andrica’s conjecture:

\/ pn+l _\/Fn <1

using some our results on Legendre’s conjec{aie (

Andrica’s conjecture

Andrica’s conjecture is so defined:

“...Andrica’s Conjecture is a conjecture of Numbersedty, concerning the gaps between two

successive prime numbers, formulated by romenathematician Dorin Andrica in 1986. It
affirms that, for every couple of consecutive nus\ibg and p.1, we have:
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\/ pn+l _\/Fn <1

If we pose g= pn+1 — h, then the conjecture can be written as

g, < 27 +1°

Now we propose some mathematics concepts usefulafgrossible proof based on some
demonstrations concerning the Legendre’s Conjecauré on square roots of numbers included in
the numeric gap between a square and the successve
“Legendre’s Conjecture, by Adrien — Marie Legendifiyms that exists always a prime number
between fiand (n+1¥. This conjecture is one of problems of Landau aitichow, it has not been
demonstrated
Some observations about Legendre’s conjectures are:

« between hand (n+13 don't exists always a prime number, but at least t

« ERATOSTENE Group has developed it, see [1] and [2]

Difference between to perfect squares in the rande= [n?, (n+1Y]

To examine the connection between Legendre’s camgand the Andrica ‘s conjecture, we
must introduce some concepts.

Let | the closed range of integers definite agn% (n+1Y].
Let Dqp the difference between to consecutive perfectrsgyan the range |.
Lemma 1

The differenceDg, between two consecutive perfect squares, in adlossge of integers| = [,
(n+1Y] is always an odd number

Proof.

Dgp = (n +1f —rf = 2n +1

Since for every n, | = 2n + 1, then is always odd.
Example:

n = 2, valid for all the n natural numbers.

Dyp=F-2=9-4=5=2*2+1



Lemma 2.

The number n of integer included in a closed raoijategersl = [n%, (n+1)] is an even number
Proof.

For Lemma 1, since number of integer in | is:

N =Dy +1=2n+2=2(n + 1), then N is an even number.

Example:

If n=2 N=2(3)=6 .Indeed the numbersluded in gap | are : 4, 5, 6, 7, 8, 9; with 5 and
prime numbers.

Square roots of numbers in gap | = [A (n+1Y].
Lemma 3.

The differenceD,q of square roots of two numbers, also not conseeypvime and composite), in
a closed range of integets [n? (n+1Y], excepts the numbén +1¥, is smaller tharil..

Proof.
At the extremes of the range of integey; > :

Diq = n—n = 0 if we consider at beginning of theeimal the difference with itself or = (n+1) —
n = 1. Therefore [§ changes between 0 and 1.

Lemma 3 excludes the numbers (n % 1pecause in the second case the difference dagise’a
decimal part after the point. For this Lemma Distieck between?rand (n +13 -1.

Since we think true the Lengendre’s conjecture (88 then betweenand (n + 1) exists at
least a prime number and therefore an integeresoden the values 0 and 1 assumed RQyekist
some values smaller than 1.

Obviously since we make reference at integer nusnimethe range |[; it is indifferent that they are
prime or composite. Therefore it is possible theliapbility of Legendre’s conjecture.

Example Square roots for n = 2.

V4 =2,00

V5 =2,23 with 5 prime numbey p
V6 =2,44

\7 =2,64 with 7 prime numbef.p



V8 =2,82

V9 =3,00

Lemma 4.

In the range of integers= [n?, (n+1)] exist at least two prime numbers
Proof.

The Bertrand’s postulate, that is true, says tHat fs an integer with n > 1, then there is always
prime number such that n < p < 2n”.

If we define a = Aithen the interval that we are considering i®[#,1 + 2/a]. Now for n > 3 the
term a + 1 + 8a > 2a; therefore certainly is applicable the Belis postulate but we observe also

that this interval is bigger than of that used iartBand’s postulate, therefore it increases the
probability to find at least a second prime numbrefact for Prime Number Theorem is:

A +1)) - () = antl 1)

ISPy I 1
((n+1)%)

Note: the intervals that we consider are the smati@ical intervals where we could risk don’t find

the second prime number, but that the (1) guaraimethe case of Andrica’s conjecture, we think,

moreover, that the two consecutive prime numbeist®also a notable distances or notable gaps.

Example:

In the interval | with n =2 we have the two congé/e prime numbers 5 and 7.

\7-\5 =2,64-223=0,41<1

From (1) resultse((n+1))-n(n?) = 2,27

We note that this value is related with the aurai@orby the following expression

227 D%[(CD)ZW + (D)2 + ()% + ()7 =% [4,58359= 2,29179

J5+1

witlab ZT =161803398 ., i.e. the aurea ratio.

Lemma 5.

The difference of square roots of two consecutrii@eo numbers that are in a closed interval of
integersl = [n? (n+1Y], except the numbén+1Y, is smaller ofl.

Proof.

The Lemma 5 is a consequence of Lemmas 3 and 4.
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It is not still a proof of Andrica’s conjecturdgecause the consecutive prime numbers could belong
to different square intervals.

Prime numbers in different square intervals.

Some prime numbers belong to successive squarevaide also being valid the Andrica’s
conjecture, for example 113 and 127: the firshiduided in the interval between®and 1%, the
second, 127, is included in the interval betweghahd 13. Really the square interval is always
possible individualize only one: for example ibistween 10and 13.

Lemma 6.

The difference of square roots of two numbers #@edlin a closed interval of integers [n?,
(n+1Y] with k =1, except the numbein+ky, is lowest of 1 provided that K > 1 the difference
(n+k)* — rf #0 mod 3.

Proof.

Lemma 6 can be demonstrated with all previous Lespmmarking also that k tends only to increase
certainly the interval of squares, Therefore themina 6 is a generalization of Lemma 5. In
particular if k = 1 we return at Lemma 5 and it sioé occur to consider if the difference is a
multiple of 3.

For example 131 and 137 are two prime numberslaiddifference is multiple of 3, but it doesn’t
count because the interval is the same for botlptinee numbers. In fact is [11 12] with k = 1.

Instead if we look 113 and 137 the interval to ddesis different. That is k = 2, in factis f1Q2]
but 137 — 113 = 24 that is multiple of 3.

Here the difference between the square rootsaatgr than 1 when the difference is even and
multiple of 3 (it is the same to say that it is tiplé of 6). But there is to say that 137 and 166 a
not neither consecutive prime numbers. The prolilest the difference between square roots of
two consecutive prime numbers can be greater theould be when the two square intervals are
not adjacent, thence for example for k > 2.

With regard the prime numbers 113 and 137 and ttiéference, i.e. 24, we note that it is possible
the following mathematical connection with the Raman’s modular function concerning the
physical vibrations of the bosonic strings
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|Og[ \/(10+11\/§]+ \/[107 ﬁ]] .

137-113=24=

Lemma?.

Two consecutive prime numbers, included in closeerizal of integers | = fn (n+1)f] with k > 2,
haven't got a difference D = 6] when j > 1, or e\ad multiple of 3.

Proof.
If the difference of two consecutive prime numhbsreven and multiple of 3, it could be:

D = 3m = 6 where m = 2j (even)
If j=1 we have the situation k = 2 and of grene numbers as 23 and 29 where D =6 (j=1) and
the difference of square roots is smaller tharhénte the Lemma concentrate itself on cases j > 1.
Now the prime numbers can be to build with generfmion p,= 6n + 1, therefore if there exist two
consecutive prime numbers in intervals | with k ar®l j > 1 they have never D = 6j for the same
generator form.
However, if for absurd the consecutive prime nurslage such that:

Pra— M=6j, j>1 (2

equivalent to:

\/pn+1 :\/pn+6j
Then we conclude that

I =P =P +6i-{p,>1 (3)

Since the (2) is false, we cannot conclude the I(8pther words if the difference between two
consecutive prime numbers is multiple of 6 we halways found that the difference of square
roots of two consecutive prime numbers is gredian tl.

Andrica’s conjecture

The Andrica’s conjecture is true for consequerfce@mma 6 and Lemma 7.

Proof.

The conjecture supposes the existence of two catigeqrime numbers. If these are included in
the same square interval already the Lemma 5 wikgytrue the conjecture. If the two prime



numbers are included in different square intertiaésr Lemma 6 and Lemma 7 guarantee that the
conjecture is true.

2. The Cramer —Shank Conjecture [2]
In this Section we have described the Cramer —ISGamjecture, utilizing the mathematics used in
the precedent Section on the Andrica’s conjecture.

In the Cramer’s conjecture, R(p) is tBeamer — Shank ratiat doesn’t to be greater of 1 so that the
Cramer’s conjecture is true, in other words Cnasneonjecture is true if

R(p)= —%“r*:; )'2” <1

The greatest value of R(p) known is 0,92 fer=fp 693 182 318 746 370 with gap = 1132 between
this number and the following ong.p= p, + 1132.

It is interesting note that the value 0,92 is rethto the aurea ratio by the following expression

09210,92705098= () """ G‘;-’ = 0,6180339932— = (%Lj 3,

2
evh O = £2+1

=161803398.

Lemma
If the Andrica’s conjecture is true, then Cramecsnjecture is true
Proof.

In the precedent Section we have described soméige®ncerning the Andrica’s conjecture. Here
we have showed a consequence that influences aneCsaconjectures

If the Andrica’s conjecture is true, then is

\/ pn+1 _\/Fn<l

From here, if we raise to square both the memlserd we take into consideration the algebraic
rule (a+b)’ =a*+2ab+hb?, we obtain

(VP =P <1



From here, we obtain:

pn+1 + pn _2\/ pn+1 pn <1

Re — arranging the formula, subtracting to bothrttembers jpwe obtain

P = Pot P=2y P/ B <1- R
Pos— Pa<1- P+ 2/ P/ B,
R( p) - pn+1_ pn <1_ pn +2\/ pn+1\/Fn <1

(In p,)? (In p,)?

This is the demonstration that

—_ pn+1_ pn
R = TN <]
D= n)?

3. On some equations concerning a proof of the Craen's conjecture and the related
differences between prime numbers, principally theCramer's conjecture and Selberg’s
theorem. [3]

In number theory, Cramer’s conjecture, formulatgdte Swedish mathematician Harald Cramer
in 1936, states that

pn+1 - pn = O((Iog pn)z)' (31)

where p, denotes the 'h prime numberQ is big O notation, and “log” is the natural logam.
Cramer also gave much weaker conditional proof that

P.s~ P, = O/, log p,)

on the assumption of the Riemann hypothesis.
In the big-oh notation the eq. (3.1) can be reemithlso as follows

d, =Ollogp,f). 3.2
Let us takef (x) =logx. First we prove, thatim_ (T -S,) is exists. We have that

. . d d
imT, =S, = —-— (3.3
n oo i:Z:,)llog p, logp.,

We use the root test to show that the limit exasts is finite. Thek™ term is
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d d
8, =k - K

= . (3.9
logp, logp.,

Let, v, :i— dq , we get using the Bertrand’s Postulate,
k pk+1
( _ )2 1/k 1/k
lim sudvk|1/k = lim supgPers ~ P <Iimsu4ﬂ =1. (3.5)
koo kool Py Pyaa ko eof Prag

Hence, looking at the conclusion of root test wa say, lim,_,T,—S, exists. Therefore, there
existsr, N, such that for alh > r,
v dX _ d
jp——:—&.(am
P X Py

Since, by the prime number theorerim Z(X() ) =1, we can show thatlim, . p,,/p,= .1
x—o X/In(X

Therefore, we get, as —» «

dn = pn+1|og(%j ) (37)

n

Therefore,
1/k
Uk pkﬂlog('%“lJ pkﬂlog('%“lJ
. Uk _ . d._ d | o P ) P
limsuga,|"" =limsu =limsu (3.8)
o c-=logp, 10 p,.,| c-« logp, 10g Py

Now, we have, ag — »

1 1 1
Also, we have pr! > pM . Also, asn - o, lim_ __ p™ =1. We know from the prime number

theorem, lim,_ . p,../ P, = 1 Hence, asn - o
1

pmlz%$l (3.10)

n

o9 Py
(n+1)Ingn <(n+2). (3.11)

Therefore, we get,



1/k 1/k

”msuﬁakr/k ~ Jim su Pys1 Iog( pkﬂj(log Pya _1J
Ko k-»100 Pysy P, log p,

=lim sup(k +1)|og(h}( log py., _1]
koo P N\ logp,

<lim su+7( pkﬂ)log(hj( log Py _1]

koo P A logp,

1/k
<limsu Iog(hj
K - pk

This implies, lim,_ T, —-S, exists. Hence, we get, there exisfs such that for aln>n,, we
have,

1/k

<1. (3.12)

dn _J‘pnﬂ dx

- T (313)
logp, ‘P logx

implies
d,

oap. Li(p,..)-Li(p,). (3.14)

Similarly, we consider f (x) = (logx)’. First we prove thatim,, (T, - S,) exists. Here,

. e 4 4
S S“_a=zp1(|09|oi)2 (logp..) (519

We use the comparison test to show that the liriite. Here, th&k™ term is

d d
= k - k ) 3.16
" (logp, ) (logp,..) (.19

We can easily check that, &s- o
O<b <a . (3.17)

(Since asn - «, log p, +log p,,, <log p,log p,.,)-

Hence, the sumd .~ b, converges. This again impliesim, T, - S, exists, for f(x)=(logx)’.
Hence, we get, there existg LI N, such that for alln > n,, we have,

d Pn+ dX
n = . (3.8
(logp,)’ L’n (logx)® 519
implies
d, _,. - Pons p
n = Li(p,.,)-Li(p)-—Per 4+ P (319
(log p,)? (Ps)=Li(py) logp,., logp,

where, Li(x) is the logarithmic integral function.
From equation (3.14) we get, there exigt&§! N such that for alh>n,
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dn — dn _ pn+1 + pn = pn+1 _ pn+1 — pn+1 (Iog pn+1 —1] . (320)
(logp,) logp, logp,, logp, logp, logp,, logp,.\ logp,

1 1 1
Now, we have p™* > p™ . Also, as n — o, lim, __ p’ =1. We know from the prime number
theorem,lim,__ p.../ P, = 1 Hence, asn - o

1

nd> Poa (301

n

(n +1)'?c‘f'¢ <(h+2). (3.22)

n

Hence, amn - « from equation (3.20) we get

Thence, we obtain the following expression:

dn :J‘Pml dx -
(logp,f ‘e (logx)
= Pua (100 Py —1j d, < (Iogpnﬂ 1j< n+2)-(n+1)=1: (3.24
log pn+1( log p, flog p,} Po) Togp, )5 (1+2)-(+Y)=1 324

that can be rewritten also as follows:

dn — J‘Pnﬂ dX —
(logp,)? 7 (logx)’
Pos (100 Py _ J d, (Iog Pos j A
= P -1{s(n+2)-(n+1l)=d-¢, (3.25)
log pm( log p, (log pn) 7P log p, (n+2)=(n+3)
J5+1 J5-1

where @ —7—161803398 (i.e., the aurea ratio), ang= T_ 0,61803398. (i.e.,

aurea section).
3.1 The Cramer’s conjecture and Selberg’s theorem

Now we would like to consider a conjecture, duéitadCramer, which is almost certainly true. The
conjecture is

11



Iimsup%‘”T)p“ =1. (3.26)

n-oo

Obviously the conjecture implies that kf>1 and x>x0(k), then the interval (x,x+ klog? xJ

contains a prime number.
The following theorem and its corollaries, provideme mathematical support for a believe in
Cramer’s conjecture. For they imply that if the lRRan’s hypothesis is true, then the number of

primes for which(P,, —P,) is larger than(logn)’ is “small”. Let us introduce the following
notation

0. (X)= o N(X)=>1 @27

X<P,=2X
d,=

P.<

dnzh

3:'0

We can now state the principal result:
THEOREM 1

If the Riemann hypothesis is true, then

gh(x)zo&mg?xj, N, (X)=0 (hzmg xj (3.28)

COROLLARY

If the Riemann hypothesis is true, then

@M d,=ol/RlogR), (i) Y d?=0(Xlog*x), (i) If 1>4,then 3" IogP)

X <P,<2X P

The above theorem is an elementary consequenbe @bltowing result.
THEOREM 2

Suppose that the Riemann hypothesis is trueck# 0 and « is a function ofX such that
0<w< X%, then asX tends to infinity

jox{e(“ w)- (4 —1de: o(%j . (3.29)

W

Deduction of theorem 1 from theorem 2. — ket béa fixed real number to be chosen later. We
shall consider two cases: (iD<h<X'® and (i) X"*<h<X. In case (i), we choose
«=h/4X and so0<w< X*. Now suppose that

(p.. o]0 (X .2X]  (3.30)

and thatd, >h. If x satisfies
12



P <X5 P, +2d, (33Y)

then

KH@ <P +2d 426 S+, =P (332)

with the consequence
6(x+w)-6(x)=0. (3.33)

Hence, we have

L4 :jp"n“*i""{e(x”‘j)‘g(x)—l} dx. (3.34)

From theorem 2, we conclude that

> d=2 3 [* d{ (X+d)_9(x)—1}2dxsZjix{e(“wx)_g(x)—l}zdx:

X<py<2X X<p <2X W W
2

:O(Iog X] o( log? xj (3.35)
w h

Thus if 0<h< X', we have proved thaiz?h(x):o(%log2 Xj. However, if we take < 1/2

and chooseh= X" with 1/2<a<1-¢, then ¢,(X)=0 for X > X,. For if ¢,(X)#0, then
¢,(X)=h, and since we are still in case (i), we also have

h= O(%Iogz xj . (3.36)

which leads to a contradiction ¥ is sufficiently large. Hencé, (X)=0 for X“<h< X. Thus
for all h satisfying 0<h< X we haveén(x)zo(%log2 Xj. From the definition of N, (X), it

is trivial that

0, (X)=2 h{Nh(X)— Nh@xj}. (3.37)

Upon replacingX by X /2", r =12,... and adding we deduce that

1

Nh(X):O(EEh(X)j—O(hZIog x) (3.38)

13



Proof of the corollaries

(0 If we takeh=C\/YIogX with ¢ sufficiently large, it follows thalNh(X)<1 and so
N,(X)=0.
(i) We have

> > dy= >d 1= Hd¥ (3.39)
1hs X x<>;?]nszx X<p,<2X h=d, X<ppg2X

n

and from theorem 1, we also have

d, = O{Z%Iogz x} =0(xlog®x). (3.40)

1<hsX X <p,<2X hs X

d,>h

@iy From (i), it follows that

d? - 1 A

X<pr<2X Pn X(logX) X<pps2X

Upon replacingX by 2" X for r =12,... and adding, we obtain

2. d—’?(bg p.) " <Ay (log2 xf ™ = O(Z::er) (3.42)

P>X Mn

and this latter series is convergentif> . 4
With regard the proof of theorem 3, we starts fitbwell known formula:

_ 1 ZYS) s
e(x)_z—ﬁj(c)Tx ds, (3.43)

where Z%(s)=3" (logp)p™, and(c) denotes the linec+it, c>1. Now, being completely

formal, we move the line of integration tb/2+ z+it , wherez will be chose later, and encounter
a pole at S= with residuex. Taking a difference, we have

olx+aw)-0(x) - =2, E 1+ a) -1xcds, (3.44)

thus

ZD(+z+itj .
Bx+w)-0x)- e _ 1 +°°2—[(1+a))z+z+"—l}x"dt. (3.45)
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We now observe that the left hand side of the aleopetion is the formal Fourier transform of the
right hand side. From the Parseval inequality, aeeh

2

1
2 ZD(+Z+|tj .
L{H(X“f)—@(x)—wx] ax_ 1 2—[(1+w)2”*"—1} dt. (3.46)

1

xE+Z X 2me (;+z+itj

In fact, the above inequality does hold, but tigpmous argument, which closely parallels the above
formal manipulations, starts not witi(x) but with a more artificial function which approxates to

6(x). However, assuming that the inequality has beenqat, we see

X 0 W

I:F(xw)-e(x)—afr o [y o, @ plebowlobd T,

(3.47)
and so

{1 . ’
X 6(X+af()—3(X) 1de< X2Z + z (2 * Z+Itj (1+ a))é"Z”t 11l dt
- < 2 - . (3.48)
J'o{ W 277&)2'[‘°° (;+Z+itj [ }

Now we consider the integral on the right hand sifi¢he above inequality. First of all, we note

that
firal -1

jll+wSLf’ldu

<|9w (3.49)

and
‘(1+ w)® —ﬂ <(1+w)f +1<3, (3.50)

sincew < lando < 1 Thus, upon splitting the range of integrati@afpo,+oo) to the three parts

(—oo,—T], [—T,+T], (T,oo) and using the first estimate in the middle raage the second estimate
in the end ranges we obtain as an upper boundhéantegral:

ZD@+z+itj 1
ZD(—+ z+itj
2

l ‘
It is now a relatively straightforward technicatlma to show that

2

2

dt. (3.51)

dt+2a)2J'0T

k

4+ z+it
2

15



and

Thus we now have

J.Ox{ﬁ(x+ aa);)— H(X) _1} dx = Q(a;(__;; +gj (3.54)

and if we choosd =3/ and z=4/¢log X, the upper bound becom@s(logZX/a)), which
completes the proof of theorem 2.

4. On some equations concerning the p-adic stringsd the zeta strings. [4] [5]

Like in the ordinary string theory, the startingingoof p-adic strings is a construction of the
corresponding scattering amplitudes. Recall tha& ¢hdinary crossing symmetric Veneziano
amplitude can be presented in the following forms:

A (o) = [ o o e o7 TR COI), TR e (Ll LI CRES)

= g?[ DX ex;{—%rjdzoﬂ"xﬂaax”jﬁjdzaj explik()x*), (4.1-4.9)
-

where n=1, T=1/n, and a=-a(s)=-1-=, b=-a(t) , c=-au) with the condition

N »

s+t+u=-8,i.e.a+tb+c=1
The p-adic generalization of the above expression

A fab)= g7 [ - o,

A (ab)= gﬁJ'Qp|xli_l|1— x|t;_1dx, (4.5)

where|..|p denotes p-adic absolute value. In this casg sinhg world-sheet parameteris treated

as p-adic variable, and all other quantities hae& usual (real) valuation.
Now, we remember that the Gauss integrals satdd#li@aproduct formula
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J'R)(m(ax2 + bx)doox!;!J'Qp)(p(ax2 + bx)dpx=1, aldQ", bOQ, (4.6)
what follows from
b2
j )(V(ax2+bx)d x=A,(a)2d, ZXV( aj' V=02..,p.. (4.7)
These Gauss integrals apply in evaluation of thafan path integrals
J. )(V( J. (a.q, t)dt) g, (4.8)

for kerneIsKv(x“,t";x',t') of the evolution operator in adelic quantum medatgrfior quadratic
Lagrangians. In the case of Lagrangian

TN
L(q,q)=§(-q7-/1q+1j,

for the de Sitter cosmological model one obtains

Km(x",T;x',O)rL K (x"T;x'0)=1, x"x,A0Q,TOQ", (4.9)

where

Kv(x",T;x',o)=/1v(—8T)|4T|;% X{_ /‘I+[/1(x"+x) 2] +(X8TX) J (4.10)

Also here we have the number 24 that corresponidetdRamanujan function that has 24 “modes”,
e., the physical vibrations of a bosonic strildence, we obtain the following mathematical
connection:

o) = Aamar <A e -2+ 0 |

@ COSTEXW _ 2y
e " "dx

antilog™ C?ISZW 1\;‘\'/2
e * gq(itw)

= . (4.10b)
| !\/{10“1\5] \/{10+7J§ﬂ
= e A e

The adelic wave function for the simplest grourateshas the form

L(x).x0z

wA(x)=wm(x)m904p)={o,m\Z, (4.11)
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where QQx|p):1 if |><|p <1 and QQx|p):0 if |><]p >1. Since this wave function is non-zero only in

integer points it can be interpreted as discreterdsthe space due to p-adic effects in adelic
approach. The Gel'fand-Graev-Tate gamma and betifins are:

)= [ b= S8 el [ b= TE . @
ab=I M- dx = (@) () (), (413)
b)= [, I =X, "dyx =T, (@), (b)r, (¢).  (4.14)

where a,b,c0C with conditiona+b+c= 1and {(a) is the Riemann zeta function. With a
regularization of the product of p-adic gamma fiord one has adelic products:

Fm(u)rlrp(u):L Bm(a,b)an(a,b):l, uz 0L u=ahb,c, (4.15)

wherea+b+c= 1 We note thaB, (a,b) and B,(a,b) are the crossing symmetric standard and p-

adic Veneziano amplitudes for scattering of tworoechyon strings. Introducing real, p-adic and
adelic zeta functions as

= jRexp(— 758X d,x = n_gr(gj, (4.16)
Z,(a)= _1 - jQpQQx|p)x|i‘1dpx=l_1p_a, Rea>1, (4.17)

.(a) !;sz(a) =¢.(a)¢(a), (4.18)

one obtains
{\L-a)=¢,(a), (4.19)

where,(a) can be called adelic zeta function. We have #lab t

@[] ¢la) =< (e la)= JLexpl- 7¢)xd x gl_Lp ol ax. @19

Let us note thaéxd— mz) and Qﬂxlp) are analogous functions in real and p-adic ca&dslic

harmonic oscillator has connection with the Riemaata function. The simplest vacuum state of
the adelic harmonic oscillator is the following Sahtz-Bruhat function:

1
=24¢ QQpr\p), (4.20)

whose the Fourier transform
18



SESPAI7ACY rLQOk\ ) (4.21)

has the same form as,(x). The Mellin transform ofy,(x) is

a) = [@a ()X dix = [ (}) X dx |‘11_ 5 0 X = (gjn'?z(a) (4.22)

and the same fozy/A(k). Then according to the Tate formula one obtaink¢
The exact tree-level Lagrangian for effective scdield ¢ which describes open p-adic string
tachyon is

=2 P Tppe Lgrl oy
" g’ p-l p+1
where p is any prime number,) = -07 +[* is the D-dimensional d’Alambertian and we adopt

metric with signature(— +...+). Now, we want to show a model which incorporates p-adic
string Lagrangians in a restricted adelic way. ustake the following Lagrangian

L=YC.L = Z“ 1£n {%qun_zqﬁzniﬂgd‘”}. (4.24)

=1 n>1 n?

Recall that the Riemann zeta function is defined as

|_| , s=o+ir, o>1 (4.25)
1-p~°

nz1 n

Employing usual expansion for the logarithmic fumctand definition (4.25) we can rewrite (4.24)
in the form

1
9

L=- E@E}owﬂn(l—go)] (4.26)

Where|¢1 <1. Z[%} acts as pseudodifferential operator in the foltgywivay:

_ 1 ixk _k_2 -~ k2 =k2 _ 2
_2n)°je (( 2},o(k)dk, k2=k2-k?>2+¢, (4.27)

where g(k)= [e*Ig{x)dx is the Fourier transform a#(x)

Dynamics of this fieldg is encoded in the (pseudo)differential form of Riemann zeta function.

When the d’Alambertian is an argument of the Rieman zeta function we shall call such
string a “zeta string”. Consequently, the abovgis an open scalar zeta string. The equation of

motion for the zeta string is
19



oy _ 1 ixk 7| _ k? )~ _ 9
Z[Ej¢_ D J.kg_lz2>2+£e Z( 7j¢(k)dk - rw (42&
which has an evident solutign= .0

For the case of time dependent spatially homogensolutions, we have the following equation of
motion

2= ol e S Jkda = A 29

2 2

With regard the open and closed scalar zeta sirthg equations of motion are

Z(Dj j'*kz( j()dk 292 . @30

nz1

ek

and one can easily see trivial solutipr 6= . 0

e ( j Kk = Z{ Enjgen(n{l)_l(ﬁ“-l), 4.3

nx1

5. On some equations concerning th& -deformation in toroidal compactification for N = 2
gauge theory.

We denote the torus a5 and endow it with a constant metf&;,; , 1,J =12:
d§0 =Gijd6?‘d0j, =6 +2m. (5.1)

The gauge theory probes the dual tofifs the moduli space of flaﬁ(l) -connections od,. We
write such a connection as
A=iadd +ia,dd*, (5.2

with constant hermitian matrices,a,. The gauge transformations generated byu(ik)-valued
functions

u :exdin16?1+in292) (5.3)

Ny, Ny

shift the components,, by n,,, respectively. The natural metric ayf is given by:

_ 1 — i
ds}, 'WLD dAOMA= /de(G)G'dada; . (5.4)
It depends only on the complex structureTpf It is convenient to parametrizg’ by two complex
numbersa,,

20



G'dada, =|wda, + wda,|”  (5.5)
defined up to a simultaneous phase rotation, dalleanvariants are:

wf =G, |w| =G? Redwm)=G*. (5.6)

oo

Let us assume

We then have:
For a rectangular torus,

Let us first consider the case of gauge grbl(jb). We take the Maxwell action to be

Viyrg i3
I—— d*x —F, Fmn — &  F™MgP| 5.8
@(g e ] (5.8)

X 4 mnpq
8 .

If we take the four-manifold to bExT_, with the product metribixG, with h being the metric

on 2, and denote the Riemannian measur& aisdu , then, in the low-energy approximation,
(5.8) reads as:

. .

| = %Jdeﬂgmdﬂ(z—?hw@” (aaAabAj )‘25%5” (aaAabAj )J =
4

= z9Lo|al Oda, + 4 “de )

I (wa, + wa,) DM (@a, +@a,). (5.9)

We note that

(27)° _ 394784176_
8m 251327412

=157096.

Now, we have that:

[(cp)l‘”7 +(D) 7"+ ()7 +( )‘42”]94=3,437694G‘1=152786405

(1,52786405I-CD EJ;—= l52786405i-161803399[-11i 314589804:—]]—' 157294902
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J5+1

where® = T =1,61803399is the aurea ratio.

Thence, we can rewrite the eq. (5.9) also as falow
{[(q))14/7 4 (cb)—7/7 + (cb)—zsn 4 (¢)—42/7] Eg + CD} G;—X

x[defg) |, du(Sg—Z h*G' (9,A0,A )—Ega"f” 0.A0,A )j =
=-is| da, Oda, WVdeKG)

——52 [ d(wa, + wa,) D(@ae, +@a,).  (5.9b)

The bosonic part of the pud =2 gauge theory Lagrangian reduced on the taguis given at
low energies by

L ‘%\/mr{(wlda +ayda,) Dl{@da, + Bda,) + dp0Hg} -idrda, Oda,,  (5.10)

4

where “tr” denotes the induced metric bn
We note that

% J394780139,624

[(cp)35’7 + qa]ag-’ = 12,708204133 =19,06230590Q

[(c|>)35’7 + (qa)l“”][-}§ =13,7082043§ = 2056230590 19,06230590 + 20,56230590 = 39,6246118;

J5+1

where® = T =161803399is the aurea ratio.

Thence, we can rewrite the eq. (5.10) also asvislio

L=[op sl l0f + )] ; JaetChr{(wda + ) Of@ta, + i)+

4

+dp0Mg}-idrda, Oda,. (5.10b)

The gauge theory part of this Lagrangian can berobed from (5.9). We view here
a, 0t R/(/\CW[ O] Z) as real, and¢g Ot O C as complex, with “tr” defining a positive defiait

inner product ort. The Euclidean path integral measure is given by

¢t 5.11)
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The condition for a field configuration to be inkart under the superchar@ that is relevant to
Donaldson theory and th@ -deformation is

d¢=0, d(wa,+wa,)=0, (5.12)

where the second equation is anti-selfduality ef glauge field in our low energy approximation.
For such fields, (5.11) evaluates to:

exp(— J. L) = exp(27i roj.trd a0 daz), (5.13)

where the complexified gauge coupling is equal to

7, =2 44 (504
2T Q;

For the eqg. (5.10), thence, we can rewrite th€®43) also as follows:

8
ex;{— j 27

Jae(Glr{(wda, + wda,) DH@da, + wda,) + dgOtg} -istrda, Ddazj =

= exp{Zn(i + 4”}[trda'1 DdazJ (5.14b)

2 g;

Now we use the following notation:

defG) = (5.15)

8772 Im(z,)
o “im(wa)

4

The Lagrangian (5.10) describes a sigma-model taitet the product of a torus ahd C, all
divided by the Weyl group. Upofi -duality along thex, direction, we map it to a sigma-model on

M., , after taking into account the nonlinear correwsioTheT -duality is performed in the standard
fashion. The first step is to replade, in (5.10) by an independenhtvalued one-formp, and add
the term —27Ttr(p1 Ddﬁl) to L, with the understanding tha, takes values in a circle of
circumference 1:

L'= %tr{(cqp1 + wda,) D@ p, + wda,) + dg Ot} + 27itr {(dﬁl +§Tdazj O pl} . (5.16)

Integrating overa, would lead us back to (5.10). Instead, we integmater p,. The path integral
over p, is Gaussian, with the saddle point foy at:

=—R{“’2Jda +|D7(d iolazJ. (5.17)
tola]” 2

In terms of the left- and right-moving componentp, (5.17) reads as follows:
23



at = ﬂz(al +iazj - R{ﬂ]az . af= _ﬂz(c’il +iazj : R{ﬂ]az . (5.18)
polea|"\ 21 @ polea[ \ 27 “

The T-dual Lagrangian is given by:

m{cz) P G
LT =Ho g cuzgq da, Oda, + dpOde+ (277)2 = 2,2 & ¥
2" ol Aol

- 27i R{ﬁjtr(daz +ida2j Oda,. (5.19)
@, 2
Introduce thet O C -valued dimensionless coordinatgsh :

47i 1
—a,; W=—uawe. (5.20
o R 2 Zﬂluan) ( )

In terms ofWand Z, eq. (5.19) takes the form:

7= (27}
24h|aa]

tr{dz OZ +dw OmWW} - 271 R{ﬁ]tr(dﬁl +2idazj Oda,. (5.21)
o T

Note that

Im(wzJ
20 _ o \4) (55
/Jo|ai| Im(TO)

We note also thatz can be expressed also in the following form (Ramemmodular equation):

e 24 09 \/(10+L111\/§]+ (10+47\/§

V142

modes of the physical vibrations of the bosoniings. Furthermore, we observe also that the

J . We observe that 24 is the number concerning the

Fibonacci zeta function is{; (S):Z f.®, where thenth Fibonacci number can be expressed as
n=1

f :% and wherep= (1+ JE)/z is the aurea ratio. The derivative of the Fibonaeta

function is:

)= 2| 200+

—6|n(5)]—|n(c)+o(s).
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Also here, we note that there is the number 24,the modes corresponding to the physical
vibrations of the bosonic strings.

Thence, from (5.21) and (5.22) we obtain the follayv mathematical connections with the
Ramanujan modular equation, the Fibonacci zetaifumand the Palumbo-Nardelli model:

2 _ 24 09 1o+11f 1o+7\/_
o V142

:-In(;)sz+2_14(z|n(¢) 3I0*6) _g1n(s j

= -[d*x/g [ o6 89"”9”"Tr(GWGpa)f(fﬂ)—lg“”ay@v(ﬂ}:

= ijdm G)"” *“’{R+4a OHP - —‘H‘ 1"TrQ 2|2)] (5.22b)

0

2
L :(ZL)ztr{dz O0HZ +dW OHW} - 27 R{ﬁ]tr(dér] +idazj Oda, =
24| « on

@,
o _ 24 \/(M} (1o+7\/§J Im(qjj

- tola* ~142 4 4 Im(z,)

o1 2+i(zm(¢)+3'”2(5)-6|n(5)j-|n(c)+o(s):,

In(qo)s 24 In(¢1)

J.dzsx\/_[ 167G 8 gﬂpgvaTr(Gﬂvaa)f (w) —lgﬂl}a#@vw} )

= ijdm G)"? *“’{R+4a PO P - —\H\ 1°T Q 2|2)] (5.22c)

0

We deduce from (5.21) the target space metric
ag, =2/ %) (177 + qwaw). (5.23)

Im(z,)

In our approximation, the target space metric a; fin the exact theory, it is a complete hyper-
Kahler metric on what we usually call, . We also deduce from (5.21) a B-field, which, op t
exact terms, is given by:
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_2nReey16) (47 g7 —
3 mt) (4Z06Z +aW0aW)= (Relaa/cqleq . (5.29

Here ay is the topologically normalized symplectic form d#fy, , which is Kahler in the complex
structurel . The functions ofZ,W are holomorphic in complex structute

Also here we can note that there exists the mattiemhaonnection with the Aurea section. Indeed,
we remember that that is present in many equations of this chapgeelated to the Aurea section
—\/_571 by the following simple but fundamental relation:

arccog =0,2879. (5.25)

6. Mathematical connections

Now we take the eq. (3.25). We obtain the followoognections with the eqgs. (4.19b) and (5.9):

dn :J'Pn+1 dX —
(logp,)? “» (logx)’
= Phu Ing"”—lj: d, < )(Iogpnﬂ_j n+2)-(n+l)=d-¢p=
log pm( log p, (Iog pn)z P log p, (n+2)=(n+1) i
a-—. 1 a-—.
= 4a)=2.@] ¢, (@)=¢. (@K (a)= Jrexel- ¢ M. x Bl_TIQPQQXIp)XIp dx=

21T 81T, i 12 b i _
:>—ﬂJdeRg) jzdy(—zh "G (aaAabAj)——s g1 (9, A9, A )j .
:—izS’J'zdalDda2 4772Vde [ij d(wa, + wa,) DM(@a, +@a,). (6.1)
Now we take the egs. (3.46), (3.48) and (3.54). abin the following connections with the eq.
(4.28):

2

J-Ow{ﬁ(x+af)—0(x)—a12 dxsir ZE(;-FZ-T“)[(]_.,.&))%Z*“_]_} e

= Z[qu)— (21 .[kz k2>2+zeIXkZ(_kEjé(k)dk - 1T¢ - (62)

26



s o K ) S)ak= -2
- Z( zjw (27T)D J.k§—|22>2+ge Z( 2 jw(k)dk 1- (0 (64)

In conclusion, we take the relationship (5.22c} ttam be connected with the eq. (4.28) as follows:

T = (27)
24ho|a|

2!
o _ 24\ \/(10+11\/§J+ (1o+7\/§J Im(aijj
|

- ol ~142 4 4 m(r,)

tr{dz OmZ +dw OHW} - 273 Re(%]tr(dﬁl +§T dazj Oda, =

L1 +2_14(2m(¢) 3In*(5) 6In(5)j—ln(c)+0(s):>

In(g)s’ In(g)

o 1 K)o @
2([5)(0— 27-[) .[kz k25200 C ( 2] )dk 1-¢ (6:5)
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Sites and various Blog

Dr. Michele Nardelli (various papers on the stringtheory)
http://xoomer.virgilio.it/stringtheory/
http://nardelli.xoom.it/virgiliowizard/
http://michelenardelli.blogspot.com/

CNR SOLAR
http://150.146.3.132/perl/user_eprints?userid=36
ERATOSTENE group

http://www.gruppoeratostene.com
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