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Summary. — In this contribution, a non-linear viscoelastic anisotropic model
for soft biological tissues is presented. The viscoelastic behaviour of these materi-
als is explained by micromechanical considerations regarding the interplay between
collagen fibres and the surrounding ground substance. The model is based on a
multiplicative decomposition of the fibre stretch into a part relating to the straight-
ening of the crimped fibres and a part describing the stretch in the fibre itself. The
actual structural state of the fibres is reflected by internal variables. Including a
non-uniform distribution of these fibres, the anisotropic three-dimensional constitu-
tive equations are obtained by integration over the unit sphere. The model holds
for large strain problems and is illustrated by application to arterial tissue.

PACS 46.05.+b – General theory of continuum mechanics of solids.
PACS 46.35.+z – Viscoelasticity, plasticity, viscoplasticity.

1. – Introduction

Soft biological tissues such as skin, tendons, ligaments or the components of the
cardiovascular system are composite materials. From a mechanical point of view, the
extracellular matrix surrounding the cells predefines the passive tissue characteristics to
a large extent. It generally contains water-rich amorphous constituents, referred to as
the ground substance, and fibrous components such as some collagen types, the spatial
arrangement of which leads to anisotropic material properties.

In mechanical tests, soft biological tissues reveal stress relaxation when stretched
to a constant level and rate-dependent hysteresis in cyclic loading. These and other
viscoelastic effects depend on the direction of loading and are thus of anisotropic nature.
In constitutive models, the viscoelastic behaviour has been accounted for by different
approaches such as quasi-linear viscoelasticity (see [1]), the theory of internal variables
(e.g. [2-6]), multi-phasic material laws (e.g. [7, 8]) and explicitly rate-dependent models
(e.g. [9-11]). The non-linear anisotropic viscoelastic model presented and elaborated in
this contribution is motivated by microstructural mechanisms during tissue deformation.
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Precisely, the viscoelastic behaviour results from the resistance of the water-rich ground
substance to a straightening of undulated fibres.

The contribution is organised as follows. The constitutive model is presented in sect. 2
and applied to arterial tissue in sect. 3. Finally, sect. 4 summarises and concludes the
paper.

2. – Constitutive model

2.1. Non-linear fibre-matrix interaction model . – When soft biological tissues are
stretched, they usually exhibit a J-shaped stress response, which can be divided into
a toe, heel and linear region. This non-linear behaviour is explained by unfolding and
gradual alignment of initially crimped collagen fibres which are finally characterised by
linear behaviour when fully straightened (see e.g. [1]). Accordingly, stretching the tissue
involves both fibre straightening and straining of the fibre material itself. In order to
incorporate this mechanism in a constitutive model, the stretch λ along a fibre direction
specified by the unit vector a is decomposed into a part λv associated with straightening
and λe reflecting the stretching of the fibre as

(1) λ =
√

tr(CA) = λeλv,

where C denotes the right Cauchy-Green tensor and A = a ⊗ a is a structural tensor.
Introducing the strain-energy functions Ψe(λe) and Ψv(λv) associated with stretching
and unfolding, respectively, the free energy is given by

(2) Ψ(λ, λv) = Ψe(λe(λ, λv)) + Ψv(λv),

where the stretch λv is treated as an internal variable describing the current state of
unfolding of the fibres. In order to guarantee an energy- and stress-free undeformed
configuration, the functions on the right-hand side of (2) obey the conditions

(3) Ψe(1) = Ψv(1) = 0, Ψ′
e(1) = Ψ′

v(1) = 0,

where the prime denotes the derivative. The fibres are embedded in the surrounding
water-rich material referred to as ground substance, which undergoes rearrangement if
the fibres unfold. The resistance of this viscoelastic matrix controls the degree of fibre
straightening in the model. This idea is supported by recent experiments on tendon
tissue [12]. Accordingly, the extension of a fibril is “considerably less” than that of the
tendon and the ratio between fibril and tendon extension increases with strain rate due
to a stiffening of the proteoglycan-rich matrix [12]. The rate of entropy production D
associated with stretching of the fibre-matrix compound is expressed by the Clausius-
Duhem inequality in the one-dimensional form

(4) D = Pλ̇ − Ψ̇ ≥ 0,

where P is the fibre nominal stress, which is energy-conjugate to the fibre stretch λ.
Inserting (2) into (4), applying the chain rule of differentiation and using basic statements
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Fig. 1. – Standard three-parameter rheological model for small strains, which results from the
proposed non-linear large strain model by linearisation.

of thermodynamics, one obtains the fibre nominal stress and the reduced dissipation
inequality as [13]

(5) P =
∂Ψe

∂λe
λ−1

v , D =
[
∂Ψe

∂λe
λe −

∂Ψv

∂λv
λv

]
λ̇vλ

−1
v ≥ 0.

In order to guarantee a non-negative rate of entropy production, we set up the evolution
equation

(6) λ̇v =
λv

η(λ, λv)

[
∂Ψe

∂λe
λe −

∂Ψv

∂λv
λv

]
=

λvT (λ, λv)
η(λ, λv)

,

which yields a quadratic form in (5)2, where η(λ, λv) is a positive definite viscosity
function controlling the resistance of the viscoelastic matrix against fibre unfolding. Note
that the abbreviation T (λ, λv) has been introduced as the driving force for the evolution
of λv.

Due to the multiplicative decomposition (1) the constitutive model (5), (6) is ap-
plicable for large strain problems. Notwithstanding, linearising the nominal stress (5)1
and the evolution equation (6) around λ = 1, λv = 1 and considering that λ = 1 + ε,
λv = 1 + εv, the model reduces to a standard three-parameter solid (Zener model, fig. 1)
for small strains, where |εe| � 1, |εv| � 1. In this case, Young’s moduli of the spring
elements and the viscosity of the dashpot in the linearised model are given by [13]

(7) Ee =
∂2Ψe

∂λ2
e

∣∣∣∣
λ=λv=1

, Ev =
∂2Ψv

∂λ2
v

∣∣∣∣
λ=λv=1

, η0 = η(1, 1).

Consequently, the rheological scheme in fig. 1 serves as a useful illustration for the pro-
posed large strain model.

2.2. Three-dimensional anisotropic model . – Following the framework of Lanir [14],
the one-dimensional model is generalised to the three-dimensional case by integration
over the unit sphere. Accordingly, considering the spherical coordinates (ϕ, θ), the fibre
direction unit vector a and the associated structural tensor A are given by

(8) A(ϕ, θ) = a(ϕ, θ) ⊗ a(ϕ, θ).
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In general, the alignment of collagen fibres is spatially distributed. In order to reflect
such a non-uniform arrangement in the tissue, a distribution function Φ(ϕ, θ) is con-
sidered, which satisfies the normalisation condition

∫
Ω

ΦdΩ = 1
4π

∫ π

−π

∫ π

0
sin θdθdϕ = 1.

Accordingly, the overall free energy is obtained by integration

(9) W = μ

∫
Ω

Φ(ϕ, θ)Ψ(λ(ϕ, θ), λv(ϕ, θ)) dΩ,

where μ is the fibre density describing the number of fibres per unit volume. Since, in
general, the latter integral does not allow for an analytical solution, Gaussian quadra-
ture stands to reason. Accordingly, considering n integration points with coordinates
(ϕi, θi) on the surface of the unit sphere and the associated weights Bi, i = 1, 2, . . . , n,∑n

i=1 Bi = 1, the integral (9) turns into

(10) W = μ

n∑
i=1

BiΦiΨ(λi, λi
v),

where Φi = Φ(ϕi, θi), Ai = A(ϕi, θi), λi =
√

tr(CAi) and λi
v = λv(ϕi, θi). In analogy

to (4) and (5), we insert the latter expression into the Clausius-Duhem inequality and
obtain

(11) D =
[
1
2
S − ∂W

∂C

]
: Ċ − μ

n∑
i=1

BiΦi
∂Ψ(λi, λi

v)
∂λi

v

λ̇i
v ≥ 0,

which defines the second Piola-Kirchhoff stress tensor S and motivates n evolution equa-
tions for λi

v in analogy to eq. (6) as

(12) S = μ

n∑
i=1

BiΦi
P (λi, λi

v)
λi

Ai, λ̇i
v =

λi
v T (λi, λi

v)
η(λi, λi

v)
.

Due to their high water content, soft biological tissues show very slight compressibility
and are therefore often modelled as incompressible. Taking this constraint into account,
we have

(13) S = μ

n∑
i=1

BiΦi
P (λi, λi

v)
λi

Ai − pC−1,

where p is a scalar associated with the hydrostatic pressure.

2.3. Issues of numerical integration on the sphere. – Numerical integration on the
sphere has frequently been used in constitutive modelling applications (e.g. [15,16]). We
remark, however, that this operation is generally prone to induce large defects. In addi-
tion to the numerical error between the integral (9) and its approximate solution (10), the
distribution of the integration points on the sphere can violate the original material sym-
metry of the constitutive equations [17]. Both deficiencies decrease with an increasing
number of nodes and can be minimised by choosing the integration scheme appropri-
ately [17]. To this end, in the present paper, an integration scheme characterised by
central symmetry with 45 nodes on a hemisphere is utilised [17,18], which offers a good
compromise between numerical accuracy and efficiency.
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Fig. 2. – Arterial layers (left) and plots of the fibre distributions in the media (a) and ad-
ventitia (b) according to (16) (right). The dashed line in the distribution plots indicates the
circumferential direction. Parameters: bA = 3.0, αA = 61.2◦, gA = 0.3, bM = 20.0, αM = 3.6◦,
gM = 0.6.

3. – Numerical examples

In this section we define appropriate strain-energy, viscosity and distribution functions
and illustrate the model in application to arterial tissue. The J-shaped stress-strain be-
haviour of arterial tissue is well described by exponential expressions [19] in combination
with a linear model as

(14) Ψe(λe) =
c

2
(λe − 1)2, Ψv(λv) =

{
k1
2k2

{
exp

[
k2(λ2

v − 1)2
]
− 1

}
if λv ≥ 1,

0 else,

where the material constants c, k1 have the dimension of stress and k2 is dimensionless
(cf. [19]). The viscosity is assumed to increase with fibre straightening and is represented
by the special case

(15) η(λ, λv) = η̄(λv) = η0 exp
[
d(λv − 1)2

]
with initial viscosity η0 and a parameter d. The arterial wall consists of three distinct
layers, referred to as tunica intima, media and adventitia. In the healthy artery, the
latter two layers and in particular the media dominate the mechanical response and are
characterised by helically arranged fibrous constituents (see, e.g., [19] for details). In
the media the fibre helices follow preferred directions which are nearly circumferentially
aligned, whereas in the adventitia the arrangement of fibres is much less coherent [20] and
can have a considerable pitch from the circumferential direction (fig. 2). The dispersion
of the fibres from their mean directions are modelled by the distribution functions

(16) Φi = gi + (1 − gi)
3
(
ebi cos[2(ϕ−αi)] + ebi cos[2(ϕ+αi)]

)
sin2(θ)

4I0(bi)
, i = M,A,

where ϕ and θ are spherical coordinates such that 0 ≤ θ ≤ π is the zenith angle measured
from the radial direction of the artery and 0 ≤ ϕ ≤ 2π is the angle in the wall plane
spanned by the axial and circumferential directions of the artery. I0(x) is the modified
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Fig. 3. – Cauchy stress vs. stretch for loading of medial tissue in axial and circumferential
direction. The curves show the equilibrium responses and the solutions for stretch controlled
triangular-shaped loading/unloading at 1 Hz. Anisotropy and hysteretic behaviour are observed.
Material parameters: μ = 1.0, c = 2880.0 kPa, k1 = 1.28 kPa, k2 = 23.0, η0 = 1.6 kPas,
d = 100.0.

Bessel function of order zero, αi denotes the pitch of the preferred fibre orientations from
the circumferential direction and bi are parameters controlling the degree of dispersion.
Note that function (16) is composed of scaled von-Mises distributions combined with a
uniform base distribution gi. The latter one guarantees some fibres in all directions. The
fibre distributions in the media and adventitia are exemplified in fig. 2.

We simulate experiments in which tissue strips cut in longitudinal and circumferential
direction are subject to uniaxial tension with quasi-static loading and stretch controlled
triangular-shaped loading/unloading at a frequency of 1 Hz. The results are shown in
figs. 3 and 4. In the quasi-static case, the driving force for an evolution of λi

v in (12)2
vanishes, i.e. T (λi, λi

v) = 0, i = 1, 2, . . . , n. The resulting equilibrium stress-stretch
curves reveal the typical J-shaped response of fibrous tissues. Increasing the strain rate
leads to hysteretic behaviour. Both the equilibrium and viscoelastic stress responses are
characterised by strong anisotropy which is predefined by the fibre distribution (16) as
depicted in fig. 2. Note that in this example, we normalised the parameter μ so that the
material parameters c, k1 and k2 refer to the entire amount of fibres and not a single fibril.

4. – Conclusions

In the present contribution, a non-linear anisotropic model for the viscoelastic be-
haviour of soft biological tissues has been presented which is based on the interplay
between collagen fibres and the surrounding ground substance. This microstructural in-
terplay is taken into account by a one-dimensional rheological model, which simplifies
to the classical three-parameter solid (Zener) model for infinitesimal strains. Including
a non-uniform distribution of fibres, a fully three-dimensional anisotropic constitutive
model is obtained by numerical integration over the unit sphere.
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Fig. 4. – Cauchy stress vs. stretch for loading of adventitial tisue in axial and circumferential
direction. The curves show the equilibrium responses and the solutions for stretch controlled
triangular-shaped loading/unloading at 1 Hz. Anisotropy and hysteretic behaviour are observed.
Material parameters: μ = 1.0, c = 50.0 MPa, k1 = 45.0 kPa, k2 = 50.0, η0 = 30.0 kPas,
d = 150.0.

In application to layers of the arterial wall, which are characterised by distinct fibre
distributions, the model predicts the typical anisotropic and J-shaped stress-stretch char-
acteristics under quasi-static conditions as well as hysteresis in cyclic loading. Notwith-
standing, with the proposed method, the particular viscoelastic characteristics of various
other soft tissues can be accounted for by appropriate representations of the strain-energy,
viscosity and fibre distribution functions. Hence, the presented general approach delivers
an excellent framework to model the particular anisotropic viscoelastic behaviour of a
broad variety of soft biological tissues.
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