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Summary. — A hydrodynamic subband model for semiconductors is formulated
by closing the moment system derived from the Schrödinger-Poisson-Boltzmann
equations on the basis the maximum entropy principle. Explicit closure relations for
fluxes and production terms are obtained taking into account scattering of electrons
with acoustic and nonpolar optical phonons and surface scattering.

PACS 73.63.-b – Electronic transport in nanoscale materials and structures.
PACS 05.60.Gg – Quantum transport.
PACS 73.63.Hs – Quantum wells.

1. – Quantum confinement

By shrinking the dimension of electronic devices, effects of quantum confinement are
observed, e.g., in MOSFETs the gate voltage and the energy barrier at the Si-SiO2

interface confine the carriers near the oxide-silicon interface. Similarly in double-gate
MOSFETs the potential between the two gates confines the electrons. The same effect is
present in quantum wells in hetero-structures like AlGa-Ga. For a comprehensive review
the reader is referred to [1, 2].

If electrons are quantized in a direction which we call z and free to move in the x-y
plane, it is natural to assume the following ansatz for the wave function:

ψ(k, r) = ψ(kx, ky, kz, x, y, z) =
1√
A

ϕ(z)eik||·r|| ,

with k|| = (kx, ky) and r|| = (x, y) denoting the longitudinal components of the wave-
vector k and the position vector r, respectively, and A symbolizing the area of the xy
cross-section.
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Inserting the previous expression of ψ into the Schrödinger equation in the effective-
mass approximation

[
− �

2

2m∗ Δ + EC(r)
]

ψ = E ψ,

gives the following equation for ϕ:

(1)
[
− �

2

2m∗
d2

dz2
+ EC

]
ϕ(z) =

[
E − �

2

2m∗ (k2
x + k2

y)
]

ϕ(z) = εϕ(z), −L/2 ≤ z ≤ L/2,

where � is the reduced Planck constant, m∗ is the effective electron mass, EC is the con-
duction band minimum, ε is the energy associated with the confinement in the z-direction,
and L is the extension in the z-direction.

One finds a countable set of eigen-pairs (subbands) (ϕν , εν), ν = 1, 2... . In each sub-
band the energy is the sum of a longitudinal and transversal contribution

Eν = εν +
�

2

2m∗ (k2
x + k2

y).

In (1) EC = −q(VC + V ) where VC is the confining potential and V is the self-consistent
electrostatic potential obtained from the Poisson equation

(2) ∇ · (ε∇V ) = −q(C(r) − n),

where q is the absolute value of the electron charge, ε is the dielectric constant, C(r) is
the doping concentration, and n is the electron density given by

n(r, t) =
+∞∑
ν=1

ρν(x, y, t)|ϕν(z, t)|2,

with the areal density of electrons ρν of the ν-subband.
The description of the electron transport along the longitudinal direction is included

by adding the system of coupled Boltzmann equations for the distributions fν(x,y, kx,ky, t)
of electrons in the subbands

(3)
∂fν

∂t
+

1
�
∇k||Eν · ∇r||fν − q

�
Eeff

ν · ∇k||fν =
∞∑

μ=1

Cν,μ[fν , fμ], ν = 1, 2, . . .

where Eeff
ν = 1

q∇r||εν(r||). ρν is expressed in terms of fν by ρν =
∫

B2
fν(r||,k||, t)d2k||,

with B2 indicating the 2D Brillouin zone, which will be approximated with R
2 consis-

tently with the effective-mass approximation. In the non-degenerate approximation, each
term contributing to the collision term has the general form

Cν,μ[fν , fμ] =
∫

B2

[
S(kμ

||,k
ν
||) fμ − S(kν

||,k
μ
||) fν

]
d2kμ

||.

When μ = ν we have intra-subband scattering; when μ �= ν we have inter-subband
scatterings. S(kμ

||,k
ν
||) is the transition rate from the longitudinal state with wave vector
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kμ
|| to the longitudinal state with wave vector kν

||. The relevant 2D scattering mechanisms
in Si are acoustic phonon scattering, nonpolar phonon scattering, and surface scattering.
Scattering with impurities will be not considered in this paper, but it is relevant only at
low temperature or low field.

For the acoustic phonon scattering in the elastic approximation, the transition rate
is given by

S(ac)(kν
||,k

μ
||) = A(ac)Gνμδ(Eμ(kμ

||) − Eν(kν
||)),

A(ac) is a physical constant, while the Gνμ’s are the interaction integrals

Gνμ =
∫ ∞

−∞
|Iνμ(qz)|2dqz, Iνμ(qz) =

∫ L/2

L/2

ϕν(z)ϕμ(z)eiqzz dz,

with q denoting the 3D-phonon wave vector, and the bar indicating the symbol for
complex conjugation. We note that Gνμ = Gμν holds.

Similarly for nonpolar optical phonon scattering one has

S(no)(kν
||,k

μ
||) = A(no)Gνμ

(
Nq +

1
2
∓ 1

2

)
δ(Eμ(kμ

||) − Eν(kν
||) ∓ �ω),

where A(no) is a physical constant, Nq is the Bose-Einstein distribution of the phonons
and �ω is the phonon energy.

At last, we recall that scattering at a surface is due to the roughness of the interface
between oxide and silicon in the MOSFET and it produces fluctuation in the transverse
component of the electric potential. It is very relevant at high gate voltage. If the fluc-
tuation of the thickness is assumed to have an exponential autocorrelation function with
a root mean square amplitude Δ and a correlation length LC , the transition probability
has the form

S(sur)(kν
||,k

μ
||) =

2π

�
(qẼμν)2πΔ2L2

C

1
1 + L2

C(kν
|| − kμ

||)
2/2

δ(Eμ − Eν),

Ẽμν being the effective electric field given by

qẼμν =
∫ L/2

−L/2

ϕμqEzϕνd z,

with Ez transverse component of the electric field.
The above quantum picture can present further specific features. For example in the

Si-SiO2 interface of a MOSFET, the quantized inversion layer having a (100)-oriented
surface has two sets of subbands, called ladders: one coming from the projection of the
two valleys with longitudinal mass in the direction perpendicular to the interface, the
other one originating from the four valleys having a transverse mass in the direction
perpendicular to the interface. Here for the sake of simplicity only one ladder will be
considered. However our results can be easily generalized in order to include both lad-
ders by taking into account also intervalley scatterings between subbands belonging to
different ladders and solving a Schrödinger equations for each effective mass (longitudinal
and transversal).
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2. – The moment system

A complete description of quantum confinement is obtained by solving the sys-
tem (1), (2), (3) (see for example [3-5]), but this is a daunting computational task.
Therefore simpler macroscopic models are warranted for CAD purposes. These can be
obtained as moment equations of the transport Boltzmann equations under suitable clo-
sure relations. The moment of the ν-subband distribution with respect to a weight
function a(k||) reads

Mν
a =

∫
B2

a(k||)fν(r||,k||, t)d2k||.

In particular we take as basic moments

the areal density ρν =
∫

B2

fν(r||,k||, t)d2k||,

the longitudinal mean velocity Vν =
1
ρν

∫
B2

�k||
m∗ fν(r||,k||, t)d2k||,

the longitudinal mean energy W ν =
1
ρν

∫
B2

�
2k2

||
2m∗ fν(r||,k||, t)d2k||,

the longitudinal mean energy-flux Sν =
1
ρν

∫
B2

�k||
m∗

�
2k2

||
2m∗ fν(r||,k||, t)d2k||.

The corresponding moment system reads

∂ρν

∂t
+ ∇r|| · (ρνVν) = ρν

∑
μ

Cν,μ
ρ ,

∂(ρνVν)
∂t

+ ∇r|| · (ρνUν) +
ρν

m∗∇r||εν = ρν
∑

μ

Cν,μ
V ,

∂ρνW ν

∂t
+ ∇r|| · (ρνSν) + ρν∇r||εν · Vν = ρν

∑
μ

Cν,μ
W ,

∂(ρνSν)
∂t

+ ∇r|| · (ρνFν) + ρν∇r||εν :
[
W ν

m∗ I + Uν

]
= ρν

∑
μ

Cν,μ
S ,

where (
Uν

Fν

)
=

1
ρν

∫
B2

⎛
⎝ �

2

(m∗)2

�
4k2

||
2(m∗)3

⎞
⎠k|| ⊗ k||fν(r||,k||, t) d2k||,

(
Cν,μ

ρ

Cν,μ
W

)
=

∫
B2

(
1

�
2k2

||
2m∗

)[
S(kμ

||,k
ν
||) fμ − S(kν

||,k
μ
||) fν

]
d2k||,

(
Cν,μ

V

Cν,μ
S

)
=

∫
B2

⎛
⎝ �k||

m∗

�
3k2

||
2(m∗)2 k||

⎞
⎠ [

S(kμ
||,k

ν
||) fμ − S(kν

||,k
μ
||) fν

]
d2k||.



HYDRODYNAMIC SUBBAND MODEL FOR SEMICONDUCTORS BASED ON THE MEP 159

The moment system is not closed because there are more unknowns than equations.
Therefore constitutive relations in terms of the fundamental variables are needed for
fluxes and productions terms.

3. – The maximum entropy principle and the closure relations

The maximum entropy principle (MEP) leads to a systematic way for obtaining con-
stitutive relations on the basis of information theory [6,7]. According to MEP, if a given
number of moments Mν

aA
, A = 1, . . . , N , are known, the distribution functions fν can be

estimated by the extremal fMEP = (fMEP
1 , fMEP

2 , · · · ) of the entropy functional under
the constraints

(4)
∫

aAfMEP
ν dk|| = Mν

aA
, A = 1, . . . , N.

Actually, in a semiconductor electrons interact with phonons describing the thermal
vibrations of the ions placed at the points of the crystal lattice. However, if one considers
the phonon gas as a thermal bath, one has to maximize only the electron component of
the entropy. Moreover, since we are considering the electron gas as sufficiently dilute,
one can take in each subband the expression of the entropy obtained as semiclassical
limit of that arising from the Fermi statistics. We define the entropy of the system as

S = −kB

+∞∑
ν=1

|ϕν(z, t)|2
∫

B2

(fν log fν − fν) d2k||,

and therefore, according to MEP, the fν ’s are estimated with the distributions fMEP
ν ’s

that solve the problem

maximize S under the constraints Mν
aA

=
∫

B2

aA(k||)fMEP
ν d2 k||,

where Mν
aA

are the basic moments we have previously considered.
The proposed expression of the entropy combines quantum effects and semiclassical

transport along the longitudinal direction, weighting the contribution of each fν with
the modulus of the ϕν(z, t)’s arising from the Schrödinger-Poisson block. In order to
determine the fMEP

ν ’s, we introduce the Lagrange transform

S ′ = S +
∞∑

ν=1

∑
A

λν
aA

[
Mν

aA
− |ϕν(z, t)|2

∫
aAfMEP

ν dk||

]
.

The condition that the first variation must be zero, δ S ′ = 0, gives

0 =
+∞∑
ν=1

∑
A

|ϕν(z, t)|2
∫

B2

[
kB log fν + λν

aA
aA(k||)

]
δ fν d2 k||, ∀δfν .
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With the above choice of the functions aA(k||) =
(

1,
�k||
m∗ ,

�
2k2

||
2m∗ ,

�k||
m∗

�
2k2

||
2m∗

)
, one has

fMEP
ν = exp

[
−

(
λν

kB
+ λν

V · v||
ν +

(
λν

W + λν
S · v||

ν
)(

Eν − εν
))]

,

v||
ν being the longitudinal velocity of electrons belonging to the ν-subband, given by the

quantum-mechanical relation v||
ν = 1

�
∇k||

�
2k2

||
2m∗ = �k||

ν

m∗ .

In order to complete the procedure one has to insert the fMEP
ν into the constraint

relations (4) and express the Lagrangian multipliers as functions of the basic moments
ρν , Vν , W ν , Sν . However such a procedure requires a numerical inversion, which is not
practical for numerical simulations of electron devices, since it must be performed at each
time or iteration step (see [8] for the semiclassical case). Following the same approach
as in [9-11], we assume a small anisotropy of the distribution function and expand up to
first order

fMEP
ν ≈ exp

[
− λν

kB
− λν

W (Eν − εν)
] [

1 −
(
λν
V · v||

ν +
(
λν

W + λν
S · v||

ν
)

(Eν − εν)
)]

.

Inserting the previous expression into the constraints for the density and the energy, one
finds in polar coordinates

ρν =
∫ 2π

0

∫ +∞

0

exp

[
−λν/kB − λν

W

�
2k2

||
2m∗

]
k|| dk|| dφ,

ρνW ν =
∫ 2π

0

∫ +∞

0

�
2k2

||
2m∗ exp

[
−λν/kB − λν

W

�
2k2

||
2m∗

]
k|| dk|| dφ,

wherefrom λν = −kB log �
2 ρν

2πm∗W ν and λν
W = 1

W ν .
Similarly, substituting it into the remaining constraints for the velocity and the

energy-flux, one has

λν
V = −3m∗

W ν
Vν +

m∗

(W ν)2
Sν ,

λν
S =

m∗

(W ν)2
Vν − m∗

2(W ν)3
Sν .

Note the symmetry of the coefficients which reminds us of the Onsager reciprocity condi-
tions. The obtained distribution functions will be used to get the needed closure relations
for fluxes and production terms. For the fluxes we find

Uν
ij =

1
m∗W νδij , Fν

ij =
2

m∗ (W ν)2δij .
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Concerning the production terms, for the acoustic phonon scattering one has

Cν
ρ =

2πm∗

�2

+∞∑
μ=1

Cνμ

[
ρμ

ρν
exp

[
−Δνμ + aνμ

Wμ

]
− exp

[
−aνμ

W ν

]]
,

Cν
V =

2π

�2

+∞∑
μ=1

Cνμ exp
[
−aνμ

W ν

] [
λν
V (aνμ + W ν) + λν

S

(
a2

νμ + 2aνμW ν + 2(W ν)2
)]

,

Cν
W =

2πm∗

�2

+∞∑
μ=1

Cνμ

[
ρμ

ρν
exp

[
−Δνμ + aνμ

Wμ

]
(aνμ + Wμ) − exp

[
−aνμ

W ν

]
(aνμ + W ν)

]
,

Cν
S =

2π

�2

+∞∑
μ=1

Cνμ exp
[
−aνμ

W ν

] [
λν
V

(
a2

νμ + 2aνμW ν + 2(W ν)2
)

+λν
S

(
a3

νμ + 3a2
νμW ν + 6aνμ(W ν)2 + 6(W ν)3

)]
,

where Δνμ = εν − εμ and aνμ = max(0, εμ − εν) and Cνμ = A(ac)Gνμ.
For the nonpolar optical phonon scattering one has

Cν
ρ =

2πm∗

�2

+∞∑
μ=1

DνμNop

[
ρμ

ρν

(
exp

[
�ω

kBTL
−

Δ+
νμ + a−

νμ

Wμ

]
+ exp

[
−

Δ−
νμ + a+

νμ

Wμ

])

− exp
[

�ω

kBTL
−

a−
νμ

W ν

]
− exp

[
−

a+
νμ

W ν

]]
,

Cν
V =

2π

�2

+∞∑
μ=1

DνμNop

[
λν
V

(
exp

[
�ω

kBTL

]
B(1)

(
λν

W , a−
νμ

)
+ B(1)

(
λν

W , a+
νμ

))

+λν
S

(
exp

[
�ω

kBTL

]
B(2)

(
λν

W , a−
νμ

)
+ B(2)

(
λν

W , a+
νμ

))]
,

Cν
W =

2πm∗

�2

+∞∑
μ=1

DνμNop

[
ρμ

ρν

(
exp

[
�ω

kBTL
−

Δ+
νμ

Wμ

]
B(1)

(
λμ

W , a−
νμ

)

+ exp
[
−

Δ−
νμ

Wμ

]
B(1)

(
λμ

W , a+
νμ

))
−exp

[
�ω

kBTL

]
B(1)

(
λν

W , a−
νμ

)
− B(1)

(
λν

W , a+
νμ

)]
,

Cν
S =

2π

�2

+∞∑
μ=1

DνμNop

[
λν
V

(
exp

[
�ω

kBTL

]
B(2)

(
λν

W , a−
νμ

)
+ B(2)

(
λν

W , a+
νμ

))

+λν
S

(
exp

[
�ω

kBTL

]
B(3)

(
λν

W , a−
νμ

)
+ B(3)

(
λν

W , a+
νμ

))]
,

where a∓
νμ = max(0, εμ − εν ∓ �ω), Δ±

νμ = εν − εμ ± �ω, Dνμ = A(no)Gνμ and

B(n)(x, y) = (−1)n x
dn

dxn

∫ ∞

0

e−x(t+y)dt for x > 0.
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For the scattering at a surface one has

Cν
ρ =

2πm∗

�2
DS

+∞∑
μ=1

(qẼμν)2
(

ρμ

ρν
exp

[
−Δνμ

W ν

]
B1 (λμ

W , aνμ) − B1 (λν
W , aνμ)

)
,

Cν
V =

2π

�2
DS

+∞∑
μ=1

(qẼμν)2
{

λν
VB

(1)
2 (λν

W , aνμ) + λν
SB

(2)
2 (λν

W , aνμ)

−ρμ

ρν
exp

[
−Δνμ

Wμ

] [
λμ

V B2 (λμ
W , aνμ) + λν

S

(
ΔνμB2 (λμ

W , aνμ) + B
(1)
2 (λμ

W , aνμ)
)] }

,

Cν
W =

2πm∗

�2
DS

+∞∑
μ=1

(qẼμν)2
(

ρμ

ρν
exp

[
−Δνμ

Wμ

]
B

(1)
1 (λμ

W , aνμ) − B
(1)
1 (λν

W , aνμ)
)

,

Cν
S =

2π

�2
DS

+∞∑
μ=1

(qẼμν)2
{

λν
VB

(2)
2 (λν

W , aνμ) + λν
SB

(3)
2 (λν

W , aνμ)

−ρμ

ρν
exp

[
−Δνμ

Wμ

] [
λμ
VB

(1)
2 (λμ

W , aνμ) + λμ
S

(
ΔνμB

(1)
2 (λμ

W , aνμ) + B
(2)
2 (λμ

W , aνμ)
)] }

,

where DS = 2π2

�
Δ2L2

C and

B
(n)
1 (x, y) = x(−1)n dn

dxn

∫ ∞

0

e−(t+y)xβ0(t + y)−1d t,

B
(n)
2 (x, y) = x(−1)n dn

dxn

∫ ∞

0

e−(t+y)xβ1(t + y)−1d t,

β0(x) =
(
1 +

2m∗L2
C

�2
(2x+Δνμ)− 4(m∗)2L4

C

�4
(x+Δνμ)x+

(m∗)2L4
C

�4
(2x+Δνμ)2

)1/2

,

β1(x) =
[
1 +

m∗L2
C(2x + Δνμ)

�2
− β0(x)

] (
2m∗L2

C

�2
β0(x)

)−1

.

We remark that only the subbands with the lower energies are populated and therefore
only a finite number of moment equations will be relevant. Moreover it is a simple matter
to check that the moment system, augmented with the closure relations given by MEP,
forms a quasi-linear hyperbolic system provided that W ν > 0 for each ν = 1, 2, . . . , that
is the case in all the physical regions of the variable space.
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