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Summary. — This paper considers the time- and space-dependent linear Boltz-
mann equation for elastic or inelastic (granular) collisions. First, in the angular
cut-off case or with hard sphere collisions, mild L'-solutions are constructed as lim-
its of iterate functions. Then, in the case of hard sphere collisions together with,
e.g., specular boundary conditions, global boundedness in time of higher velocity
moments is proved, using our old collision velocity estimates together with a Jensen
inequality. This generalizes our earlier results for hard inverse collision forces, and
also results given by other authors from the space-homogeneous case to our space-
dependent one.

PACS 05.20.Dd — Kinetic theory.

PACS 45.70.-n — Granular systems.

PACS 47.45.Ab — Kinetic theory of gases.

PACS 51.10.+y — Kinetic and transport theory of gases.

1. — Introduction

The linear Boltzmann equation is frequently used for mathematical modelling in
physics (e.g., for describing the neutron distribution in reactor physics, cf. [1-3]). In
our papers [4-9] we have studied the linear Boltzmann equation, both in the elastic and
the inelastic (granular) case for a function f(x,v,t) representing the distribution of par-
ticles with mass m colliding binary with other particles of mass m,, which have a given
(known) distribution function Y'(x,v,). Thereby we have also got results on bounded-
ness (in time) of higher velocity moments for hard inverse collision forces. The purpose
of this paper is to use another method to get similar results for hard sphere collisions in
the time and space dependent case; cf. ref. [10] and [11] for the space-homogeneous case.
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So we will study collisions between particles with mass m and particles with mass
My, such that momentum is conserved,

(1) mv + myv, = mv' +m,v.,

where v, v, are velocities before and v’, v/, are velocities after a collision.

In the elastic case, where also kinetic energy is conserved, one finds that the velocities
after a binary collision terminate on two concentric spheres, so all velocities v’ lie on a
sphere around the center of mass, v = (mv +m.v.)/(m+m,), with radius =%, where
w = |v—v,|, and all velocities v/, lie on a sphere with the same center v and with radius
e, cof. fig. 1in [4].

In the granular, inelastic case we assume the following relation between the relative

velocity components normal to the plane of contact of the two particles:

(2) w - u=—a(w-u),

where a is a constant, 0 < ¢ < 1, and w = v — v,,w = v/ — v, are the relative
velocities before and after the collision, and u is a unit vector in the direction of impact,
u = (v—v')/|[v—v’|. Then we find that v/ = v/, lies on the line between v and v/,
where v/ is the postvelocity in the case of elastic collision, i.e. with a = 1, and v/, lies
on the (parallel) line between v, and v7;.

Now the following relations hold for the velocities in a granular, inelastic collision:

My

(3) v’:v—(a—i—l)m

(w-u)u, v, =v,+ (a+ I)L(w ‘u)u,
m

where w-u = wcosd, w = |v—v,|, if the unit vector u is given in spherical coordinates,
(4) u = (sinfcos ¢, sinfsing,cosf), 0<60<7/2, 0<¢ < 2m.

Moreover, if we change notations, and let 'v,’ v, be the velocities before, and v, v, the
velocities after a binary inelastic collision, then by (2) and (3), cf. [7-11],

~ (a+D)m,
a(m 4+ m.)

, o, latm
(5) v (w-u)u, V*iv*—’—a(m—l—m*)( Ju.

2. — Preliminaries

We consider the time-dependent transport equation for a distribution function
f(x,v,t), depending on a space variable x = (z1,22,23) in a bounded convex body
D with (piecewise) Cl-boundary ' = 9D, and depending on a velocity variable
v = (v1,v2,v3) € V = R? and a time variable t € R.. Then the linear Boltzmann
equation is in the strong form

() v, v smad £, v, 1) = (@) v, 1),

xeD, veV =R} teR,,
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supplemented by initial data
(7> f(X7V70):f0(X7V)7 X€D7 velV
The collision term can, in the case of inelastic (granular) collision, be written, cf. [7-11],

(8) (Qf) (X, v, t) =
/v /Q [Ja (0, w)Y (x,/v.) f(x,/v,t) = Y(x,v.)f(x, v, t)} B(0,w)dv, dfd¢

with w = |v — v,|, where Y > 0 is a known distribution, B > 0 is given by the collision
process, and finally J, is a factor depending on the granular process (and giving mass
conservation, if the gain and the loss integrals converge separately). For elastic collisions
Jo = 1, and in the case of hard sphere collisions J, = a=2, cf. [10] and [11]. Furthermore,
'v, v, in (8) are the velocities before and v, v, the velocities after the binary collision,
cf. (5), and Q = {(6,¢) : 0 < 0 < 6, 0 < ¢ < 2r} represents the impact plane, where

¢ < 5 in the angular cut-off case, and 0 = 7 in the infinite range case. For hard sphere

collisions one can also take 6 = 5, cf. (10) below. The collision function B(f,w) is in the
physically interesting case with inverse k:th power collision forces given by

) B(0,w) = b(O)w”, 7:%, w=|v—v.

with hard forces for & > 5, Maxwellian for k£ = 5, and soft forces for 3 < k < 5, where
b(#) has a non-integrable singularity for § = 7. But in the case of hard sphere collisions,
then (for v = 1) the collision function is given by

(10) B(0,w) = const - wsin d cos 6.

So in the angular cut-off case and also in the hard sphere case, the gain and the loss
terms in (8) can be separated

(11) (Qf)(X7V7t) = (Q+f)(X,V7t) - (Q_f)(X,V,t),
where the gain term can be written (with a kernel K,)
(12) QT )(x,v,t) = /VKa(x,’v — v)f(x,/v,t)d"v,

and the loss term is written with the collision frequency L(x,Vv) as

(13) (Q_f)(xvv’t) = L(X,V)f(X,V,t).

In the case of non-absorbing body we have that

(14) L(x,v) = /VKG(X7V — vdv'.
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Furthermore, eqgs. (6)-(8) are in the space-dependent case supplemented by (general)
boundary conditions

B |nv| _ - -
(15) f-(x,v,t) = mR(X, Vv — V) [fi(x,V,t)dV,

nv <0 nv>0 xel =D, teR,,

where n = n(x) is the unit outward normal at x € I' = 9D. The function R > 0 satisfies
(in the non-absorbing boundary case)

(16) /VR(X,V —v)dv =1,

and f_ and fy represent the ingoing and outgoing trace functions corresponding to f. In
the specular reflection case the function R is represented by a Dirac measure R(x,V —
v) = §(v — v+ 2(nV)n), and in the diffuse reflection case R(x,v — v) = |nv|W(x, V)
with some given function W > 0, (e.g., Maxwellian function).

Let t, = tp(x,v) = infrer, {7 : x —7v ¢ D}, and x, = X3(X, V) = x — £V, where t,
represents the time for a particle going with velocity v from the boundary point x; to
the point x.

Then, using differentiation along the characteristics, eq. (6) can formally be trans-
formed to a mild equation, and also to an exponential form of equation in the angular
cut-off case or in the hard sphere case, cf. [4-9].

3. — Construction of solutions

We construct L'-solutions to our problems as limits of iterate functions f”, when
n — oo. Let first f~1(x,v,t) = 0. Then define for given f"~! the next iterate f", first
at the ingoing boundary (using the appropriate boundary condition), and then inside D
and at the outgoing boundary (using the exponential form of the equation),

v

(17)  fi(x,v,t) = R(x,v — v) f1 1 (x, v, t)dv,

v [nv|

(18) f”(x,V,t):f”(x,v,t)exp[—/ L(X—sv,v)ds] +
0
t T
xp | — [ L(x—sv,v)d Ko(x—7mv)v > v) " Hx—7v/v,t — 7)dVvdr,
+/Oep[ /0 (x svv)s]/v (x=1v,)v—=v) " v,’v,t — 7)dVv

where

. X —1v,Vv), 0<t<ty,
(19) Frlxov.t) = fo( ) b
I (xp, vyt —tp), t >ty
Let also f™(x,v,t) =0 for x € R®\ D. Now we get a monotonicity lemma, f™(x,v,t) >
f"1(x,v,t), which is essential and can be proved by induction.
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Then, by differentiation along the characteristics and integration (with Green’s for-
mula), we find (using the equations above, cf. [7]), that

(20) /D /V (%, v, f)dxdv < /D /V Folx, v)dx dv,

so Levi’s theorem (on monotone convergence) gives existence of (mild) L!-solutions

(21) Fx v, 1) = Tim f(x,v,1).
n—oo
Proposition (Existence). Assume (for inelastic or elastic collisions), that the function B

is given by (10), or (9) with angular cut-off, and that K,, L and R are non-negative,
measurable functions, such that (14) and (16) hold, and L(x,v) € Ll (D x V).

loc

Then for every fo € LY(D x V) there exists a mild L'-solution f(x,v,t) to the
problem (6)-(8) with (15), satisfying the corresponding inequality in (20). Furthermore,
if L(x,v)f(x,v,t) € LY(DxV), then equality in (20) for the limit function f holds, giving
mass conservation together with uniqueness in the relevant function space (cf. [4-6] and
also Proposition 3.3, Chapt. 11 in [3]).

Remark 1. The assumption Lf € L'(D x V) is, for instance, satisfied for the solution f in
the case of inverse power collision forces, cf. (9), together with, e.g., specular boundary
reflections. This follows from a statement on global boundedness (in time) of higher
velocity moments (cf. Theorem 4.1 and Corollary 4.1 in [7]). Compare also the results
in the next section.

Remark 2. There holds also both in the elastic and inelastic cases an H-theorem for a
general relative entropy functional

flx,v,t

(22) apnn = [ [ e L ) revaxa,

giving that this H-functional is nonincreasing in time, if & = ®(z), R} — R, is a convex
C!-function, and if there exists a corresponding stationary solution F'(x,v) with the same
total mass as the initial data fo(x,v) for the time-dependent solution f(x,v,t); cf. The-
orem 5.1 in [7]. By using this H-functional one can prove that every time-dependent
solution f(x,v,t) converges to the corresponding stationary solution F(x,v) as time
goes to infinity, cf. Remark 5.1 in [7] and further references.

4. — Higher velocity moment estimates

In this section we will generalize a result on global boundedness of higher velocity
moments to the case of hard sphere collisions. Then we start with some (old) velocity
estimates for a binary collision, and also give the corresponding moment estimates, cf.
Propositions 1.1 and 1.2 in [4]. Compare ref. [12] for analogous results.

Proposition A. If v and v/ (6, ¢) are the velocities before and after a (granular) binary
collision, then, with w = |v — v,|,

V. (0, 8)2 — V]2 < 2(a+ 1)7717:72110008,9 3lv.| — ﬁlvl cos .
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Proposition B. If o > 0, there exist constants ¢; > 0, co > 0 (depending on o, m, m.
and a) such that

max(1l,0—1) (

1+ Vo0,0)2) % = 1+ v2)7* < crweos (1 + |v.)) 14 v[2) =

o—1

—coweos® (1 + |v]?) 7.
By using these propositions we have earlier got results on boundedness of higher velocity
moments for hard inverse collision forces, 0 < v < 1, but now we will use a Jensen

inequality to get the analogous results for hard sphere collisions, v = 1, in the space-
dependent case with, e.g., specular reflection boundary.

We start with an elementary lemma (used in the theorem below) for the velocities in
a binary collision, where v = |v|, v, = |v,| and w = |w|, cf. [4].

Lemma. For v > 0 it holds that

a1
—w T < (1 + v*)ﬂH_l —277 (1 + 112) ®>  where w = v — v, is the relative velocity.

Proof: We have that

/

(1+vz)1/2§ (1—|—112—|—2v)1 2:1—|—v, where v = |v, +w| < v, +w,

S0 (1+v2)1/2§1+v*+w.

The convexity (for v > 0) gives that

1
N ( 9 1/2>7+1 vt (1tv w7
(1+ %) = ((1+07) < (1+v+w) =(— 2

(1 +v,) Tt 4w+t
- 2

o+l — [(1 +v*)v+1 +w7+1}2v,

and the lemma follows.

Now we can formulate our main result on global boundedness (in time) for hard sphere
collisions, i.e. with v = 1, in the following theorem. Compare Theorem 4.1 in [7] for the
case of hard inverse forces.

Theorem. Assume for hard sphere collisions with v = 1 that the function B(f, w) is given
by eq. (10), and suppose that the function Y (x,v,) satisfies the following conditions:

(23) / (1+ v*)7+max(2’a) sup Y (x,v,)dv, < oo and / inf Y(x,v,)dv, > 0.
v x€D v x€D

Let the boundary conditions (15) be given for a “non-heating” boundary (e.g., specular
reflections) by

(24) R(x,v—v)=0  for [v] > |v].
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Then the higher velocity moments belonging to the mild solution f(x,v,t) given by (21)
are all bounded (globally in time),

/ / (1 +1)2)U/2f(x,v,t)dxdv <Chr<o0, 0>0,t>0,0<a<l,
pJv
it (1+02)"? fo(x,v) € LY(D x V),
Proof: Start from the definition of the iterate function f™(x,v,t) in egs. (17)-(19), and

differentiate along the characteristics, using the corresponding mild form of the equation,
and then multiply by (1 +v?)?/2, where v = |v| and ¢ > 0. Then

d
&[(lJrvz)a/Qf"(ertv,v,t)] :/ Ko(x +tv,'v—v) (140272 7Y x4tv, v, t)d v —
v

—L(x +tv,v)(1 + 0272 f(x + tv,v,1).

Integrating [[[...dxdvdr (with Green’s formula) gives
(25) / /(1+v2)"/2f”(x,v,t)dxdv:
DJv
:/ /(1+02)0/2f0(x,v)dxdv+
pJv
t
+/ / [/(1+v2)a/2f”(x7v,7)|nvdv—
o Jr LJv
—/ (1—|—UQ)U/Qfﬁ(x,v,7)|nv\dv}dFdT—|—
v
t
+/ / / / Ka(x,’v—>v)(l—|—v2)0/2f"_1(x,v,T)dxdvd’vdT—
o JoJv/)v
t
—/ / / L(x,v)(l+v2)g/2f"(x,v,7')dxdvd7',
o JpJv

where all integrals exist inductively.
Let the velocity moment be defined by

(26) M, (1) = M2 (t) = /D /V (1+42)°2 7 (x, v, t)dx dv

and differentiate eq. (25). For the boundary terms in (25) use the assumption (24),
together with the monotonicity lemma, f*~! < f™, to get that

/ (1+ v2)a/2ff(x,v,t)|nv|dv < / (1+ 02)0/2fﬁ(x,v7t)|nv|dv.
v 1%

And for an estimate of the gain and loss terms in (25), use Proposition B and the Lemma
above together with the assumptions (23) to get (for general v > 0), cf. [7], that

(27) My (t) < KMoy 1(t) + KoMy 1 (t) — KoMo (1),
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with constants Ky > 0, K5 > 0, Ky > 0. Then we get for v = 1 that
(28) M (t) < KsM,(t) — KoMo1(t),

with K3 = K+ K> (where estimate (28) would lead to a creation of moments of arbitrary
order, cf. [13,14], and forthcoming papers).

Next we will use Jensen’s inequality ®( [, gdu) < [, ®(g9)dp, where u(Q) = 1,
g € L' (u) and @ is a convex function. Here we take du = fmdxdv/|f"||, where
I = fp Jy frdxdv < [, [, fodxdv, and g(v) = (1 + v?)?/2, together with the

convex function ®(z) = 2% for 0 > 0. Then it follows that

[/D/V(l+v2)a/2f"dxdv/||f"||}T S/D/V[(1+02)0/2}Tf”dxdv/|f”,

o+1

S0 </ /(1+v2)"/2f"dxdv) T < ||f"||1/"/ /(1+02)”T“f"dxdv,
DJV DJV

led

and —M,1(t) < —C(M,(t))* with a positive constant C > 0.
Now we get a differential inequality (of Bernoulli type) for the velocity moment M, (t),

o+1

(29) M (t) < Ay My (t) — Ao (Mo (1)) =,

which can be written as

—1/c

(Mo (8)) ™7 ML) — Ay (M (1) V7 < — A,

Let y(t) = (M, ()77, 0/ (t) = — 2 (M, (£)) '~ ML(t) and /(t) + ary(t) > ao, where

[eg
a; = Ay /o and ag = Ag/o. Multiplication by e®? and integration gives

y(t) > y(0)e ™ + “2(1 — e~®1!) > min {y(()), “0].

ay ay

But y(t) = (M, (t))~/7, so

(01 (07 < (i | (0)) 7 D = max | (04,0177, 2.

Then MZ(t) = M,(t) < max[M,(0),(4*)7] < oo, and the theorem follows, because
™1 fasn— oo.
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