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Summary. — We construct the ground-state equilibrium configurations of neu-
tron stars. The system of equilibrium equations is obtained taking into account
quantum statistics, electro-weak, and strong interactions, within the framework of
general relativity in the non-rotating spherically symmetric case. The core is as-
sumed to be composed of interacting degenerate neutrons, protons and electrons
in beta equilibrium. The strong interaction between nucleons is modeled through
sigma-omega-rho meson exchange model. The mass-radius relation for neutron star
cores is obtained for the various nuclear parametrizations. The mass and the thick-
ness of the outer crusts corresponding to the different core mass-radius relations
are obtained. The analysis is performed for two selected equations of state (EoS)of
the outer crust matter. The first one neglects the Coulomb interactions between
the degenerate electrons and the nuclear component of fixed charge to mass ratio
Z/A. The second EoS, takes into account the Coulomb interactions of the point-like
nuclei with a uniform fluid of degenerate electrons and the nuclear contribution is
obtained from experimental data of nuclear masses. The mass and the thickness of
the outer crust obtained with these two different EoS are compared and contrasted.
We obtain systematically outer crusts with smaller mass and larger thickness when
Coulomb interactions are taken into account.
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1. – Introduction

Neglecting any external field, thermodynamic equilibrium requires the constancy
of both temperature and particle chemical potential throughout the whole configura-
tion. Introducing an external field, the latter condition becomes μ0 + U = const [1],
where U denotes the external potential and μ0 is the “free” particle chemical potential.
O. Klein, investigating the thermodynamic equilibrium conditions of a self-gravitating
one-component fluid of non-interacting neutral particles in spherical symmetry, extended
these equilibrium condition to the case of general relativity [2]. Further steps were made
first by T. Kodama and M. Yamada [3], generalizing the Klein’s equilibrium conditions to
the case of a multicomponent fluid of non-interacting neutral particles, then by E. Olson
and M. Bailyn [4], which described the case of a self-gravitating multicomponent fluid of
charged particles taking into account the Coulomb interaction. The generalization of all
the above works to the case of strong interactions, has been recently accomplished in [5],
for a system of neutrons, protons and electrons in beta equilibrium. A general relativistic
Thomas-Fermi treatment of nuclear matter within the framework of quantum statistics
and of the general relativistic field theory for the gravitational, the electromagnetic and
the hadronic fields, has been there constructed. The constancy of the general relativistic
Fermi energy of particles

EF
n =

√
g00μn + gωω − gρρ,(1)

EF
p =

√
g00μp + gωω + gρρ + eV,(2)

EF
e =

√
g00μe − eV,(3)

throughout the entire configuration has been there demonstrated in complete generality.
Here g00 is the 00 component of the metric tensor, μi is the particle chemical potential
and units with h̄ = c = 1 are adopted. The nuclear interaction is introduced through the
exchange of σ, ω, and ρ meson-fields, following the so-called “quantum hadrodynamical
model” [6, 7]. The Coulomb potential is denoted by V , e stands for the fundamental
charge, σ is an isoscalar meson field that provides the attractive “long” range part of the
nuclear force, ω is a massive vector field that provides the repulsive “short” range part
of the nuclear force, and ρ is the massive isovector field, that accounts for the isospin
contribution. The coupling constants gs, gω and gρ and the meson masses mσ, mω and
mρ are fixed by fitting the experimental properties of nuclei.

The neutron star equilibrium configurations obtained requiring the constancy of the
general relativistic Fermi energy for all particle-species are quite different with respect
to the ones traditionally constructed, where the assumption of local charge neutrality
condition ne(r) = np(r) is adopted. In a recent work [8], it has been shown that such a
condition violates the equilibrium conditions of particles given by eqs. (1)–(3). Therefore,
instead of local charge neutrality, global charge neutrality Ne = Np, being Ne and Np

the total number of electrons and protons, has been there imposed.
Following the above works [8, 5], we construct here a novel mass-radius relation for

neutron stars that satisfy global but not local charge neutrality. For the nuclear model
we use the NL3 [9], NL-SH [10], TM1 [11] and TM2 [12] parameterizations. For the
crust we select two EoS. The first one assumes a degenerate microscopically uniform
electron fluid model, neglecting the Coulomb interactions between the electrons and the
nuclear component (Z,A). The second EoS, due to G. Baym et al. (BPS) [13], takes
into account the Coulomb interaction between point-like nuclei with a uniform fluid of
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degenerate electrons, and the nuclear contribution is obtained from experimental data
of nuclear masses. We compare and contrast as well the mass and the thickness of the
crust obtained with these two different EoS and with the different parameterizations of
the σ, ω, and ρ nuclear model.

2. – Equilibrium equations

2.1. Equilibrium equations of the core. – The total Lagrangian density of the system
is given by

(4) L = Lg + Lf + Lσ + Lω + Lρ + Lγ + Lint ,

where the Lagrangian densities for the free-fields are

Lg = − R

16πG
,(5)

Lγ = − 1
16π

FμνFμν ,(6)

Lσ =
1
2
∇μσ∇μσ − U(σ),(7)

Lω = −1
4
ΩμνΩμν +

1
2
m2

ωωμωμ,(8)

Lρ = −1
4
RμνRμν +

1
2
m2

ρρμρμ,(9)

where Ωμν ≡ ∂μων −∂νωμ, Rμν ≡ ∂μρν −∂νρμ, Fμν ≡ ∂μAν −∂νAμ are the field strength
tensors for the ωμ, ρ and Aμ fields, respectively, ∇μ stands for covariant derivative and
R is the Ricci scalar. We adopt the Lorenz gauge for the fields Aμ, ωμ, and ρμ. The
self-interaction scalar field potential U(σ) is a quartic-order polynom for a renormalizable
theory (see, e.g., [14]).

The Lagrangian density for the three fermion species is

(10) Lf =
∑

i=e,N

ψ̄i (iγμDμ − mi) ψi,

where ψN is the nucleon isospin doublet, ψe is the electronic singlet, mi states for the
mass of each particle-specie and Dμ = ∂μ + Γμ, being Γμ the Dirac spin connections.

The interacting part of the Lagrangian density is, in the minimal-coupling assumption,
given by

Lint = −gσσψ̄NψN − gωωμJμ
ω − gρρμJμ

ρ(11)
+eAμJμ

γ,e − eAμJμ
γ,N ,

where Jμ
ω , Jμ

ρ , Jμ
γ,e and Jμ

γ,N are the conserved currents
The Dirac matrices γμ and the isospin Pauli matrices satisfy the Dirac algebra in

curved spacetime (see, e.g., [15] for details).
We consider non-rotating neutron stars. Introducing the non-rotating spherically

symmetric spacetime metric

(12) ds2 = eν(r)dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdϕ2,
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for which the Einstein-Maxwell-Dirac equations read

e−λ(r)

(
1
r2

− λ′

r

)
− 1

r2
= −8πGT 0

0 ,(13)

e−λ(r)

(
1
r2

+
ν′

r

)
− 1

r2
= −8πGT 1

1 ,(14)

P ′ +
ν′

2
(E + P ) = −gσnsσ

′ − ω′gωJ0
ω − ρ′gρJ

0
ρ − V ′eJ0

ch,(15)

V ′′ + V ′
[
2
r
− (ν′ + λ′)

2

]
= −eλeJ0

ch,(16)

σ′′ + σ′
[
2
r

+
(ν′ − λ′)

2

]
= eλ [∂σU(σ) + gsns] ,(17)

ω′′ + ω′
[
2
r
− (ν′ + λ′)

2

]
= −eλ

[
gωJ0

ω − m2
ωω

]
,(18)

ρ′′ + ρ′
[
2
r
− (ν′ + λ′)

2

]
= −eλ

[
gρJ

0
ρ − m2

ρρ
]
,(19)

plus the constancy of the electron Fermi energy and β-equilibrium.
Thanks to the huge number of involved particles (∼ 1057), this latter system can be

reduced through the mean-field approximation to

e−λ(r)

(
1
r2

− 1
r

dλ

dr

)
− 1

r2
= −8πGT 0

0 ,(20)

e−λ(r)

(
1
r2

+
1
r

dν

dr

)
− 1

r2
= −8πGT 1

1 ,(21)

V ′′ +
2
r
V ′

[
1 − r(ν′ + λ′)

4

]
= −4πe eν/2eλ(np − ne),(22)

d2σ

dr2
+

dσ

dr

[
2
r
− 1

2

(
dν

dr
+

dλ

dr

)]
= eλ [∂σU(σ) + gsns] ,(23)

d2ω

dr2
+

dω

dr

[
2
r
− 1

2

(
dν

dr
+

dλ

dr

)]
= −eλ

(
gωJ0

ω − m2
ωω

)
,(24)

d2ρ

dr2
+

dρ

dr

[
2
r
− 1

2

(
dν

dr
+

dλ

dr

)]
= −eλ

(
gρJ

0
ρ − m2

ρρ
)
,(25)

EF
e = eν/2μe − eV = const,(26)

EF
p = eν/2μp + Vp = const,(27)

EF
n = eν/2μn + Vn = const,(28)

where we have replaced the Tolman-Oppenheimer-Volkov equation with appropriate con-
servation laws for the generalized particle Fermi energies and the beta equilibrium condi-
tion. We have introduced the notation ω0 = ω, ρ0 = ρ, and A0 = V for the time compo-
nents of the meson fields. Here μi = ∂E/∂ni =

√
(PF

i )2 + m̃2
i and ni = (PF

i )3/(3π2) are
the free chemical potential and number density of the i-species with Fermi momentum
PF

i . The particle effective mass is m̃N = mN + gsσ and m̃e = me and the effective
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Table I. – Selected parameter sets of the σ-ω-ρ model.

NL3 NL-SH TM1 TM2

mσ (MeV) 508.194 526.059 511.198 526.443
mω (MeV) 782.501 783.000 783.000 783.000
mρ (MeV) 763.000 763.000 770.000 770.000
gs 10.2170 10.4440 10.0289 11.4694
gω 12.8680 12.9450 12.6139 14.6377
gρ 4.4740 4.3830 4.6322 4.6783
g2 (fm−1) −10.4310 −6.9099 −7.2325 −4.4440
g3 −28.8850 −15.8337 0.6183 4.6076
c3 0.0000 0.0000 71.3075 84.5318

potentials Vp,n are given by

Vp = gωω + gρρ + eV ,(29)
Vn = gωω − gρρ .(30)

Note that in the static case, only the time components of the covariant currents
survive, i.e. 〈ψ̄(x)γiψ(x)〉 = 0. Thus, by taking the expectation values of the conserved
currents, we obtain their non-vanishing components

Jch
0 = nchu0 = (np − ne)u0,(31)
Jω

0 = nbu0 = (nn + np)u0,(32)
Jρ

0 = n3u0 = (np − nn)u0,(33)

where nb = np + nn is the baryon number density and u0 =
√

g00 = eν/2 is the covariant
time component of the four-velocity of the fluid, which satisfies uμuμ = 1.

In order to integrate the equilibrium equations we need to fix the parameters of
the nuclear model, namely, fixing the coupling constants gs, gω and gρ, and the meson
masses mσ, mω and mρ. Conventionally, such constants are fixed by fitting experimental
properties of nuclei. Usual experimental properties of ordinary nuclei include saturation
density, binding energy per nucleon (or experimental masses), symmetry energy, surface
energy, and nuclear incompressibility. In table I we present selected fits of the nuclear
parameters.

In fig. 1 we show the results of the integration of the above equations for the NL3,
NL-SH, TM1 and TM2 parameterizations of the σ, ω, and ρ model.

2.2. Core-crust transition layer . – Due to the neutrality of the crust (see, e.g., [16]),
global charge neutrality must be guaranteed at its edge. The Coulomb potential energy
inside the core of the neutron star is found to be ∼ mπc2 and related to this there
is an internal electric field of order ∼ 10−14Ec, where Ec = m2

ec
3/(eh̄) is the critical

field for vacuum polarization. Matching beetwen core and crust is guaranteed by the
continuity of all general relativistic particle Fermi energies in the core-crust boundary.
As a consequence of such boundary conditions, a core-crust transition surface of thickness
∼ h̄/(mec) is developed and in it an overcritical electric field appears [17]. The neutron
and proton densities decrease sharply there due to the nuclear surface tension and the
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Fig. 1. – Top: Mass-radius relation of neutron star cores for selected parameterizations of the
Walecka model. Bottom: Compactness-mass and compactness-radius relations.

electron density also decreases fast and match continuously the electron density at the
edge of the crust (see fig. 2 for details). The continuity of the electron Fermi energy
puts stringent limits on the density we might have at the edge of the crust: the variation
of electron chemical potential at the core-crust boundary μe(core) − μe(crust) must be
necessarily of order eV ∼ mπc2. Therefore a suppression of the so-called inner crust of the
neutron star is possible if μe(crust) ∼ μe(core) − eV ≤ 25 MeV, which is approximately
the value of the electron chemical potential at the neutron drip point (see, e.g., [13]).
We analyze here the structure of neutron star crusts composed only by what is currently
known as outer crust, namely a crust with edge density ∼ 4.3 × 1011 g/cm3.

2.3. Equilibrium equations of the crust . – Being the crust neutral, its structure equa-
tions to be integrated are just the Tolman-Oppenheimer-Volkoff equations

dP

dr
= −G(E + P )(m + 4πr3P )

r2(1 − 2Gm
r )

,(34)

dm

dr
= 4πr2E ,(35)

where m = m(r) is the mass enclosed at the radius r.
For a given a core, we integrate the above equations for two different models of the

crust. The first one is based on the uniform approximation for the electron fluid. Here the
electrons are considered as a fully degenerate free-gas described by Fermi-Dirac statistics.
Therefore Coulomb interactions are neglected. Since the electromagnetic interactions are
not taken into account, the energy-density is given by E = ξmnne, where ne is the number
density of electrons and ξ = A/Z is the mean molecular weight per electron. The pressure
is the one given by the fluid of degenerate relativistic electrons.
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Fig. 2. – (Colour on-line) The electric field in the core-crust transition layer is plotted in units of
the critical field Ec for the NL3-model of table I. We show the results for the NL3-model setting
gρ �= 0 (left plot) and gρ = 0 (right plot) in order to see the effects of the ρ-meson. The inset plot
shows the corresponding core-crust transition layer particle density profiles of neutrons (green),
protons (red), and electrons (blue) in units of fm−3. λσ = h̄/(mσc) fm denotes the sigma-meson
Compton wavelength. Left region: on the proton profile we can see a bump due to Coulomb
repulsion while the electron profile decreases. Such a Coulomb effect is indirectly felt also by
the neutrons due to the coupled nature of the system of equations. However, the neutron bump
is much smaller than the one of protons and it is not appreciable due to the plot scale. Central
region: the surface tension due to nuclear interaction produces a sharp decrease of the neutron
and proton profiles in a characteristic scale ∼ λπ. Moreover, it can be seen a neutron skin
effect, analogous to the one observed in heavy nuclei, which makes the scale of the neutron
density falloff slightly larger with respect to the proton one. Right region: smooth decreasing
of the electron density similary to the behavior of the electrons surrounding a nucleus in the
Thomas-Fermi model.

The second model is based on the EoS by G. Baym, C. Pethick and P. Sutherland
(BPS). In this case the crust is divided into Wigner-Size cells; each one of these cells
is composed by a point-like nucleus of charge +Ze with A nucleons, surrounded by a
uniformly distributed cloud of Z fully degenerate electrons. The contribution of the
Coulomb interactions is easily computed thanks to the assumption of microscopic unifor-
mity of the electrons. The sequence of the equilibrium nuclides present at each density
between 104 and 4.3× 1011 g/cm3 in the BPS EoS is obtained by looking by the nuclear
composition that minimizes the energy-density per nucleon. Then in this case the EoS
is given by

P = Pe +
1
3
WLnN ,(36)

E
nb

=
WN + WL

A
+

Ee(nbZ/A)
nb

,(37)

where WN (A,Z) is the total energy of an isolated nucleus, including rest mass of the
nucleons but not including any electron energy, WL is the lattice energy (total Coulomb
energy) per nucleus, and Ee is the electron energy density.

In figs. 3 we show the mass and the thickness of the crusts obtained from the numerical
integration of the structure equations for the two described EoS and for selected cores. It
can be seen that we obtain systematically crusts with smaller mass and smaller thickness
when Coulomb interactions are taken into account, in line with the results found in [16]
in the case of white dwarfs.
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Fig. 3. – Mass (left panels) and thickness (right panels) of the crust for the EoS without Coulomb
interaction as a function of the compactness of the core for selected parameterizations of the σ,
ω, and ρ model.

The average nuclear composition in the crust can be obtained by calculating the
contribution of each nuclear composition to the mass of the crust with respect to the
total crust mass. For the two different cores Mcore ≈ 2.6M�, Rcore ≈ 12.8 km and
Mcore ≈ 1.4M�, Rcore ≈ 11.8 km (see fig. 4), we obtain as average nuclear composition
105
35 Br. The corresponding crusts with fixed nuclear composition 105

35 Br for the two chosen
cores are calculated neglecting Coulomb interactions (i.e. using the first EoS). The mass
and the thickness of these crusts with fixed 105

35 Br are different with respect to the ones
obtained using the full BPS EoS leading to such average nuclear composition. For the
two selected examples we obtain that the mass and the thickness of the crust with average
105
35 Br are, respectively, 18% larger and 5% smaller with respect to those obtained with
the corresponding BPS EoS.

Fig. 4. – Relative abundances of chemical elements in the crust for the two selected cores
described in the text.
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