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Summary. — We extend the analysis of Poynting-Robertson effect, i.e., the de-
viation from geodesic motion of test particles due to scattering by a superposed
radiation field to the Schwarzschild background, to the case of spinning bodies. The
extra contribution of the deviation due to spin can be relevant for astrophysical
systems like the binary pulsar system PSR J0737-3039 orbiting Sgr A*, but not for
the Earth-Sun system.

PACS 04.20.Cv — Fundamental problems and general formalism.

1. — Introduction

The motion of classical spinning test particles in a given gravitational background
is described by the well-known Mathisson-Papapetrou (MP) model [1,2]. Let U* =
dz®/dr be the timelike unit tangent vector to the “center-of-mass line” Cy; of the spinning
particle used to perform the multipole reduction, parametrized by the proper time 7. The
equations of motion are
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(1) T SR vapU" S ,
D SHY
(2) S _ puyr — prum,
dr

(*) E-mail: binid@icra.it
(**) E-mail: geralico@icra.it

Societa ltaliana di Fisica 37
©



38 D. BINI and A. GERALICO

where P* is the total 4-momentum of the particle and the antisymmetric tensor S*¥
denotes the spin tensor (intrinsic angular momentum) associated with it; both fields
are defined only along this center-of-mass world line. This system of 10 equations is
consistently completed by the supplementary conditions (see [3,4] and references therein)

(3) S P, = (.

The spin structure of the particle should produce very small deviations from geodesic
motion; otherwise, the particle backreaction on the spacetime metric should be taken
into account.

Let us consider a spinless test particle orbiting a star which emits radiation. The
radiation pressure of the light emitted by the star exerts a drag force on the particle’s
motion, which usually causes the body to fall into the star unless it is so small that
the radiation pressure pushes it away from the star: this phenomenon is called the
Poynting-Robertson effect [5,6] and has been fully investigated in the context of both
Newtonian and Post-Newtonian gravity. Recently the Poynting-Robertson effect for a
spinless test particle orbiting a black hole was studied in both the Schwarzschild and
Kerr spacetimes [7,8] without the restriction of slow motion, but ignoring the finite size
of the radiating body. Here we generalize the above discussion to the more realistic case
of a spinning test particle undergoing the Poynting-Robertson effect by including the
radiation force in the Mathisson-Papapetrou model.

2. — Schwarzschild spacetime and Poynting-Robertson effect

Consider a Schwarzschild spacetime, whose line element written in standard coordi-
nates is given by

(4) ds? = —N2dt? + N72dr? + r%(d6? + sin” 6d¢?),
where N = (1—-2M/r)*/? denotes the lapse function, and introduce the usual orthonormal

frame adapted to the static observers (or Zero Angular Momentum Observers, ZAMOs)
following the time lines

(5) e; = N0, e; = NO,, ey = ;397

where {0y, 0y, 09,05} is the coordinate frame.
We limit our analysis to the equatorial plane 6 = /2.

2'1. Test radiation field. — Let a pure electromagnetic radiation field be superposed

as a test field on the gravitational background described by the metric (4), with the
energy-momentum tensor

(6) TP = &2k, k%o =0,

where k is assumed to be tangent to an affinely parametrized outgoing null geodesic in
the equatorial plane, i.e., k*V kP = 0 with k¢ = 0.



SCATTERING OF SPINNING BODIES BY A RADIATION FIELD IN SCHWARZSCHILD SPACETIME39

We will only consider photons in the equatorial plane which are in outward radial
motion with respect to the ZAMOs, namely with 4-momentum

(7) k= E(n)(n+es),

where n = ¢; is the ZAMO 4-velocity and E(n) = E/N is the relative energy of the
photon as seen by the ZAMOs. Here E = —Fk; is the conserved energy associated with
the timelike Killing vector field 0;. Note also that in this case L = kg = 0.

Since k is completely determined, the coordinate dependence of ® then follows from
the conservation equations T"‘B; g = 0. For photons on the equatorial plane we find

(8) o=

Consider now a test particle moving in the equatorial plane § = /2 accelerated by
the radiation field, i.e. with 4-velocity

9)  U=~(U,n)n+vUn), v(U,n) =ves + 1/‘73% = v(sinae; + cosaey),

where v(U,n) = 1/+/1 — ||v(U,n)||?> = v is the Lorentz factor and the abbreviated nota-
tion v% = v(U,n)% has been used. Similarly v = ||v(U,n)|| and a are the magnitude of
the spatial velocity v(U,n) and its polar angle measured clockwise from the positive ¢
direction in the r-¢ tangent plane, respectively.

A straightforward calculation gives the coordinate components of U

dt ¥ dr 5 do "/I/(Z)
1 t= = L "= _— =~NvU" =7 _
(10) v dr N’ v ar e v dr r

where 7 is the proper time parameter along Cy, and U’ = df/dr = 0. The force
associated with the scattering of radiation is given by [5,6,9]

(11) Fhadle — _opU)e, T8, UM,

where o is the scattering cross section and P(U)%g = 05 + U*Ups projects orthogonally
to U. Explicitly

rad) __ mA
(12) Flad) = N7

Y1 =) (v = vP)n + (1 —v = (1/‘13)2> er — (1 — Vf)llg)qu} ,

where we have used the notation c®3E? = mA, as in ref. [7]. For a later use it is
convenient to introduce a friction parameter f = A/M, which again should be small
enough not to perturb the spacetime. The motion is then described by the equations

m
(13) ma(U)* = m% = plradn
T

and has been studied in detail in ref. [7].
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2'2. Spinning particles undergoing PR effect. — The most direct generalization of
eq. (13) to the case of spinning test particles consists in including the radiation force
term in eq. (1), so that one has

DpP*

_ F(spin)p, +F(rad)p,
dr ’

(14)

plus the additional relations (2) and (3) involving the spin. Let us proceed to analyse
the motion of spinning particles undergoing Poynting-Robertson effect in the equatorial
plane of the Schwarzschild spacetime.

Let P = mu be the 4-momentum for motion in the equatorial plane, with

(15) u = yu[n + vu(sinaye; + cosayey)l, Yo =1/4/1— 12,
and introduce the spin vector associated with S, by spatial duality
(16) P = uano‘ﬁ“"SW,

where 748v5 = \/—Gg€apys is the unit volume 4-form and €,gys5 (€0123 = 1) is the Levi-
Civita alternating symbol. It is also useful to consider the scalar invariant s = %SWS‘“’,
constant along Cyy because of eqgs. (2) and (3). Consistency of the model requires |§| =
[s|/(mM) < 1 as stated above.

From the evolution equations for the spin it follows that the spin vector has a single
nonvanishing and constant component along @, i.e.,

(17) S =—8%;=—se,.

In the absence of both spin and radiation we assume the geodesic motion of the test
particle to be circular at r = rg, i.e.,

(18) U="Ux =7x(ntvrey),

where the Keplerian value of speed (vx) and the associated Lorentz factor (yx) and
angular velocity ((x) are given by

M ro — 2M M
19 M _ [ro=2M _ M
(19) VK ro — 2M’ K ro — 3M’ Cx re

The parametric equations of Uy are

(20) tg =to+Tkr, 7 =ro, 92%; O = ¢o £ QkT,

where now tg, o and ¢g are constants and

To 1 M

21 T =,/ ——— = — .
( ) K T0—3M’ To 7”0—3M
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Corrections to geodesic circular motion are given by

(22) U=Ug+ fUy + 5Us, u=U++ fuy + 3us,

to first order in both parameters § and f. The geodesic value are thus modified as

(23) t=1tr + fty+ 5ts, r =1+ fry+ srs, ¢ =0¢Kx + for+5¢s.

The solution is straightforward (see ref. [10] for details)

6M2 Q3.
(24) t; =F o Q—gi[sm(err) — QepT],
3
ty = 4TOCKVE<Q—K [cos(QepT) — 1] + ﬁ[sin(ﬁe T) — QepT] + §7%(Qz 72
%8 ’ 2roCr 2k P P giroer 7
Q
rs = £3rg SZCK [cos(QepT) — 1],
ep
Q Qx . .
Ty = frogKQTK {[COS(erT) —1] - QTOCKQl[sm(erT) - erT]} ,
ep €p
(K (K M(ro — 6M)
s = =515, = +-5ty, Qep = (| 57—
¢ vi 1 Vi f P r3(ro — 3M)

where e, is the well-known epicyclic frequency governing the radial perturbations of
circular geodesics.

As an application we can estimate the amount of variation of the radial distance by
taking the mean values over a period of the perturbed radius, i.e.,

or\ _r—ro . Ci U 5
(25) <7>: o _I‘KQ—EP 1—27TTOCKQEP fF3M3SyrCxNo| .

For instance, for the motion of the Earth about the Sun we find

5
(26) <l> ~3x 1075 F4 %1071 &~ 10715,
r

whereas for the binary pulsar system PSR J0737-3039 as orbiting Sgr A* [11]

(27) <57r> ~T6x107Y F1.8x 1077~ 107".

Therefore, in the latter case the effect of the spin on the orbit dominates with respect to
the friction due to the radiation field.
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