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Summary. — The role of planetary migration in a non–self-gravity planetesimals
disk is analyzed in this paper. I calculate the migration rate exerted on a planet
due to the gravitational interaction with a planetesimals disk both numerically and
analytically. I use two different configurations for the disk-planet interaction: co-
rotating (with an inclination of 0◦ with respect to the plane of motion of the disk)
and counter-rotating (with an inclination of 180◦) planet. I perform 2D numerical
simulations of disks with 104 planetesimals with or without a Rayleigh distribution in
eccentricity. I show that counter- and co-rotating planets have different migration
rates: retrograde planets migrate faster than the prograde ones. The migration
rate depends on the ratio between the planet to planetesimal mass and on the
initial mean eccentricity of planetesimals. I compare numerical simulations with
analytical theories of dynamical friction and linear theory of density waves. In
both cases each theory can explain only parts of the simulation results. A more
general and powerful analytical theory of planet migration must be realized. Finally
I simulate the observation of co- and counter-rotating massless disks of planetesimals
with the interferometer ALMA. With the high resolution of ALMA it is possible to
characterize the gap created by the resonances overlap. I show that in the two cases
different resonance conditions create gaps with different extensions which can be
observed with ALMA for a distance of 100 parsec and a disk size of 100 A.U., and
for disks of 20 A.U. and a distance of 50 parsec. With this simple method it is
possible to calculate the planet’s mass in both cases studying the indirect presence
of the planet. The case of massive disks are also investigated. In this case planet
migration creates a large modification of the planetesimals density profile that can
be studied observing the brightness surface profile of the disk. Conversely to other
detection methods, like radial velocity, this method is very powerful to discover
planets very far from their host stars: the higher the distance of the planet from the
star the greater the efficiency of this method.
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1. – Introduction

From the discovery of the first extrasolar planet [1] several exoplanets have been
observed. A large variability in the orbital parameters has been detected [2]. In this
paper I focus on the study of “hot planets”: planets with a semimajor axis smaller
than 1 A.U. Several theories and models have been proposed to explain the presence of
planet so close to the host star. In this study I analyze the dynamical model based on
the planetesimal-driven migration of a single planet [3-5]. This particular mechanism of
migration is based on the angular-momentum exchange between planetesimal disk and
large body and has been deeply investigated [6, 7].

Different theories predict the dependence of the migration rate (the variation of the
semimajor axis of the planet in time) on the planet mass: migration independent of the
planet mass [8], inversely proportional to the mass of the planet (rapid migration in [9]),
directly proportional to the planet mass [10] or proportional to the cubic root of the
planet mass [11]. Important progress is expected in the near future, from both the theo-
retical and observational point of view. In this preliminar and exploratory study, I focus
on the expected observational features of circumstellar disks modified by the planetary
migration in the co-rotating and counter-rotating cases. Surprisingly no research on the
counter-rotating migration in a planetesimal or in a gas disks has been performed so far.
With counter-rotating planet I define a planet which is inclined by 180◦ with respect
to the orbital plane of planetesimals (and of the planet itself). Instead a considerable
number of articles were written for counter-rotating migration of a binary black hole
([12] and references therein). This citation is important because some of the results in
that article match with this work as, for instance, the more rapid migration of a “ret-
rograde” planet with respect to a “prograde” one and the close encounter zone(1) for
this counter-rotating case is smaller with respect to the co-rotating planet due to the
absence of resonances. At first, the counter-rotating disk may appear academic, how-
ever the very important Kozai mechanism [13] has been suggested as a possible origin
for “retrograde” planets that may be 15% of all extrasolar objects ([14] and references
therein). Also a small number of observations can suggest the presence of highly inclined
exoplanet ([15] and references therein). Recent studies in the near infrared (NIR) have
shown how most of the young stars possess a circumstellar disk [16]. The interaction
between a planet and a disk can create different characteristic structures as density spi-
ral waves [17] or debris disks [18]. The observation of these features can be done only
with high-resolutions interferometer as, for example, ALMA (Atacama Large Millimeter
Array) for both line emission [19] and direct imaging [20]. Important features can be
observed and used to indirectly detect a planet embedded in this protostellar disk as, for
example, a localized infrared excess due to resonant planetesimals [21] or the brightness
profile asymmetry for the β-Pictoris disk [22]. Also in the late stage of planet formation,
when all the gas has been dissipated and the planetesimals growth in size to kilometer
dimensions, the interaction between these plantesimals re-create a dust disk with partic-
ular size (1–7 mm), that can radiate at particular wavelengths [23]. In sect. 2 I describe
the numerical simulations, in sect. 3 I summarize the main results, while in sect. 4 I
discuss the results and introduce the line of research I intend to pursue in forthcoming
studies.

(1) A highly interacting zone also called scattering zone or feeding zone.
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2. – The simulations

I briefly describe the numerical simulations performed, and how the final density
profiles of the modified disks are “observed” using ALMA mock observations.

2.1. Dead planet: modifications of the disk . – In this first set of simulations the planet
modifies the disk, but it is not affected by the disk itself. In practice, I am studying a large
number of restricted three-body problems. Starting with the very simple circular, planar,
restricted three-body problem I then relax the hypotesis of planetesimals in circular orbits
to simulate an eccentric, planar, restricted three-body problem introducing a Rayleigh
distribution for the plantesimals eccentricity e:

g(e) = 4
Σpl

mpl

e

〈e2〉 exp
[
− e2

〈e2〉

]
,(1)

in (1) the value 〈e2〉 is the mean square value of the eccentricity of planetesimals, mp their
mass and Σpl the surface disk density. The mean square value of eccentricity (defined
in (1)) spans from a minimum of 0 (circular obits) to a maximum of 10−4 (small eccentric
orbits). For the massive disks a constant surface density (Σ0) that scales linearly with the
distance (r) of the planetesimals was introduced. The value of Σ0, to keep the planet–to–
planetesimal-mass ratio equal to 1/600th, varies everytime the planet mass varies. The
constant surface density then spans from 1.3× 102 gr cm−2 for a planet with the mass of
the Earth to 5 × 103 gr cm−2 for a planet with the mass of Jupiter. These densities are
very high due to the fact that I want to investigate the late stage of planet formation in
which the planetesimals masses are very high [8, 24].

The simulations were done with the SWIFTER code [25] a N -Body numerical inte-
gration code. For this preliminar simulations I used the numerical integration routine
RMVS [26], a very efficient integrator especially for close encounters. I kept the time
step for each simulations equal to 1/20th of the orbital period of the innermost orbits (in
general, 1 A.U.). The planet is in a circular orbit around the host star with a distance
that varies from 5 to 30 A.U. in a planetesimal disk of radius from 20 to 60 A.U. with a
inner hole of 10 A.U. for the smallest disk and of 20 A.U. for the largest one. I simulate
disks with different dimensions to show how far is it possible observe the simulated disk
with ALMA mock observations. Every simulations for both massless and massive disks
run for 2 × 104 yr, with a planetesimals number equal to 104 for each disk’s simulation
and 4 × 103 for each ring simulation.

2.2. Live planet: backreaction and migration. – With the experience obtained from
the previous “dead” simulations I now proceed to investigate the back reaction of the
disk on the planet. All the disks initial conditions are described in the previous section.
In addition, I also performed some test simulation in which the planet interact with
a ring of particles. Note that in these “live” simulations, however, the disks are not
self-gravitating, so that instabilities cannot develop.

I simulate an extensive simulation of N = 104 equal mass (i.e.: no mass spectrum)
planetesimals for planet in a fixed initial position (22 A.U.) embedded in a planetesimal
disk with a size of 8 A.U. For the simulations proposed here I use a numerical integrator
called SyMBA ([27] and references therein). To speed up the simulations I used an
OPEN-MP version of SyMBA written by D. Minton. Here the number of planetesimals
is small due to the fact that I am not interested in simulating a self-gravity massive
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planetesimal disk. First, I start the simulations with planetesimals distributed in a ring
of 1 A.U. in size and a planet in an outer or inner orbits with respect to the annulus to
study the dependence of the position and planet mass on the torque. After these first
simulations, I start to follow the planet migration for a considerable part of the disk so
I must concentrate on an extended region of planetesimals disk. Furthermore, since the
accretion and migration processes time scales can be often comparable and because I
do not want to reproduce accretional migration but only gravitational interaction and
angular-momentum exchange. I reduce the collisional radius of the planet one order
of magnitude smaller than radius of the Earth (for every simulations) and put the Hill
radius and the collisional radius of the planetesimals equal to zero to avoid close encounter
between planetesimals themselves. It is impossible to reduce further the planet radius
due to the integration time (the code reduces the timestep each time a close encounter is
realized). Anyway a good method to monitor the accretional processes is the study of the
eccentricity variation Δe during all the simulation; this parameter in fact is correlated
with mass accretion ΔM as follows [28]:

Δe =
ΔM

MP
,(2)

where MP is the planet mass at the beginning of the simulation.

2.3. Mock observations. – Finally I simulate the emission at a specific wavelength
from the disk and observe it with ALMA.

The results of the simulations where processed by using the software CASA (the Com-
mon Astronomy Software Applications package). This software allows to simulate disks
as observed with ALMA (Atacama Large Millimeter Array). The ALMA interferometer
is an array of 66 antennas (ranging from 7 to 12 m) which observe a particular region
of the sky in the mm to sub-mm range (from 380μm to 3.6 mm). For ALMA, in the
configuration with the longest baseline, the resolutions φ is equal to 0.001′′ (arcsec) in
the mm range(2). This allows to observe object as the protoplanetary disk at distances
greater than 100 pc. For a planetesimal disk the need of sub-mm observation is due to the
absence of gas emissions. In fact, the major emission comes from the grains. In [18] they
describe the presence of cavities in the protostellar disk in which the brightness profile
is lower with respect to the rest of the disk. For the simulations I use a flux of 10 mJy at
900 GHz (which permits the highest resolution for ALMA, fixing the baselines configu-
ration). This flux is similar to the one of Fomalhaut [29]. I simulate a disk with different
size and inclination with the planet in different position, masses and orbit (“prograde”
or “retrograde”). I follow some of Wolf prescriptions for the disks [30]. The host star has
a mass equal to the mass of the Sun (M∗ = 1M�), and the disk has a lower mass, for a
planet with the mass of the Earth, equal to M low

disk = 5× 10−4M� and, for a planet with
the mass of Jupiter, equal to Mup

disk = 2.5× 10−2M� (similar to [31]). The bandwidth of
the observation is equal to 8 GHz.

(2) The resolution of an interferometer can be calculated from the synthesized beam φ = 1.22 λ
D

which depends on the distance between antennas D (baseline) and on the wavelength of the
observation (λ).
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Fig. 1. – The a-e plane for both a prograde and a retrograde planet of mass equal to 1M⊕. The
prograde case (a) present the normal double Jacobi wing with respect to the counter-rotating
planet (b) which presents a particular single Jacobi wing feature.

3. – Results

I now summarize the results of the numerical simulations. Only a part of the numerical
simulations are reproduced in this preliminar work due to their large number.

3.1. Dead planet . – In fig. 1 is shown a simulation for a 1M⊕ planet in the co-
and counter-rotating orbits. Is it possible to see how the different inclination of the
planet changes the disk in different ways. The retrograde planet, due to the absence
of resonances [15] creates different “Jacobi wings” (planetesimals in the semimajor axis-
eccentricity plane with particular combination of e and a due to the conservation of
Jacobi integral [8]) and no resonance overlap regions so the gap in this simulation is
smaller than in the prograde case and is equal to the gravitational section of the planet
with a half size equal to 1 RH . For the prograde case, instead, the resonances overlap
near the planet and create a larger gap with half size equal to 3.5 RH [32, 33].

In the figure the presence of resonances is not clear due to the initial Rayleigh dis-
tribution of planetesimals that cover the increasing in planetesimals eccentricity in the
resonance regions. A useful formula for calculating the gap width is [34]

Δa = aP

[
4
3

(
e2
P + i2P

)
+ 12

(
rH

aP

)2
]1/2

eP ,iP =0

� 7rH ,(3)

where rH is the Hill radius of the object (rH � aP (MP /M∗)1/3), aP the semimajor axis
of the planet and eP and iP are, respectively, the eccentricity and the inclination of the
planet.

3.2. Live planet . – The analytical theories [5] and [35] predict that the migration rate
for a counter-rotating disk of planetesimal is higher with respect to the co-rotating case.
Figure 2 shows four simulations of a planet with mass of 10M⊕, a semimajor axis of 22
A.U., and a planet-to-planetesimal mass ratio equal to 1/600 (for the initial conditions of
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Fig. 2. – Right panel: planet migration rate for a co- and a counter-rotating planet embedded in
a planetesimal disk. The counter-rotating planet (dashed-circle line) migrates faster than in the
prograde case (dashed-cross line). Left panel: torque of the planet versus time. The rescaled
torque (multiplied by 0.5 × 106) is clearly different in the two cases.

the planetesimal disk see sect. 2). Each simulation describes a particular initial condition
for the planet: “prograde” or “retrograde” case and with (e = /0) or without (e = 0) an
eccentricity distribution for planetesimals.

To analyze the different migration rate of the planet in the counter- and co-rotating
case I perform the study of the angular-momentum variation in time and the torque
exerted on the planet by the planetesimals. Here I introduce only the values taken from
the simulations, in the following section I discuss and compare these results with the
ones obtained from the analytical theories. The angular momentum of a planet in an
eccentric orbit (e) with mass MP and with a semimajor axis aP is equal to

LP = MP

√
GM∗aP (1 − e2),(4)

where M∗ is the mass of the central star. The rate of the angular momentum exchanged
by the planet is also equal to the torque Γ exerted by the disk to the planet divided by
the angular momentum of the planet and can be obtained from the migration rate of the
planet, as follows:

L̇P

LP
=

1
2

ȧP

aP
− e2

P

1 − e2
P

ėP

eP

Γ
LP

.(5)

The migration rate, fixing all the other parameters: planet mass, planetesimal mass,
density distribution and extension of the disk and position of the planet, depends on the
inclination of the planet and on the eccentricity distribution of plantesimals. From fig. 2
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Fig. 3. – Left panel: Mock observation of a retrograde planet (10 M⊕). The planet mass is equal
to 10M⊕ for each simulations. The disk is 100 A.U. in size and at a distance of 100 pc. Right
panel: Surface brightness profile of the disk. It is possible to observe a gap that is larger with
respect to the one created by a prograde migrating planet due to the different migration rate.
The absence of the 1 : 1 resonance region is due to the absence of the mean motion resonance
in this counter-rotating case.

is it possible to observe that the retrograde torque is more negative but also tends to
zero more quickly with respect to the prograde case.

3.3. Observational features. – A lot of study as been done for the SED (Spectral
Emission Distribution) of a protoplanetary disk [36] and it has been shown that a cavity,
or a baroclinic vortex, modify substantially the emission of a protostellar disk ([30] and
references therein). Conversely of the radial velocity detection method, the efficiency of
the gap detection method using direct imaging increases with the distance of the planet:
A more distant planet possesses a larger feeding zone (or cavity). For every single image
is it possible, using the brightness profile, to calculate the gap size and using that to
estimate the mass of the planet (fig. 3).

4. – Discussion and conclusions

In this paper I have studied the migration of a planet in a plantesimal disk with
both numerical simulations and analytical theories. I perform different sets of numerical
simulations of a retrograde and a prograde planet embedded in disks with or without
a Rayleigh distribution in eccentricity for planetesimals. For all the simulations I use
different initial mass for the planet (1, 10, 100 and 300 M⊕).

I found, as not yet shown in the literature, that the migration rate for the co-rotating
case is sensible to the eccentricity distribution of planetesimals: the higher the eccentric-
ity the higher the migration rate.

A new trend that I found from simulations is that the counter-rotating disk has a
higher migration rate than the co-rotating case. Another new result for the “retrograde”
case is that the migration rate of the planet is not dependent on the eccentricity dis-
tribution of the planetesimal disk. This can be understand noting that in this case the
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(a) (b)

Fig. 4. – In this figure the torque for four planets of different mass (1, 10, 100 and 300 M�) is
shown for both the co- and counter-rotating cases (a, b, respectively). The mean value of the
torque (dashed line red circle) is calculated from the simulation while for the dynamical friction
torque I use [37] (continuous line green asterix) and [35] for the linear theory of density waves
(continuous line blue cross). (a) Mean migration rate of retrograde planets with an inner ring of
planetesimals. (b) Mean migration rate of prograde planets with an inner ring of planetesimals.

very important physical mechanism that drives the angular-momentum exchange and
the migration is the relative angular frequency difference between planet and planetesi-
mals. For the retrograde case this creates a very high exchange of angular momentum
between planet and disk that generates a fast planet migration model. I found also that
the migration rate is linear dependent on planet mass as in the dynamical friction case:
the more massive the planet the higher the migration rate. This is true for both the
“prograde” and “retrograde” cases. This features is confirmed also with the linear the-
ory of density waves. In fig. 4 the calculation of the rescaled mean torque 〈Γ〉 is shown
both from the numerical simulations and with the linear theory of density waves [35] and
dynamical friction [37] for a planet in prograde and retrograde orbit with an inner ring
of planetesimals.

Observing the mean migration rate comparison, the linear theory of density waves
match well with the numerical simulations respect to the dynamical friction. This because
the dynamical friction formula introduced here does not use a velocity distribution and
so the theory gives only a first-order approximation of the simulated data.

The simulations confirm also the direct dependence on the density of planetesimals:
the larger the density the higher the migration rate both in the “prograde” that in the
“retrograde” cases. I found also a change in the signs of the migration rate (from inward
to outward migration) between simulations of the same planetesimals rings but with a
different mass for the planet, keeping the distance between planet and planetesimal ring
to be constant, this is due to the definition of close encounter : when the planetesimals
are “near” the planet every encounter generate a semimajor axis variation which carries
the planet closer to the disk [38]. The definition of “near”, however, is dependent on
the Hill Radius and so it is directly dependent on the mass of the planet: the higher
the mass of the planet, fixing its semimajor axis, the larger the close encounter zone.
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When the planet is embedded in a planetesimal disk that is very extensive with respect
to the feeling zone, the contribution of resonances far from the planet (and then, far
from the close encounter zone) modifies the migration rate and also the direction of the
migration. In fact the distant encounter migration rate is always repulsive and generates
two opposite torques from the inner and the outer part of the disk to the planet, the net
torque exchanged is always positive and in this case only the inward migration can be
found in the simulations. Finally the study of the planetesimals disk with ALMA allows
to detect not only the presence of a planet that is, otherwise, not so luminous to be
observed but also the mass and its inclination from the properties of the disk in which it
is embedded, in particular: the gap extension is related with the mass of the planet and
the presence or absence of 1 : 1 mean the motion resonance allows to distinguish between
the counter-rotating and the co-rotating case.
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