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Soft behavior of string amplitudes with external massive states

A. L. Guerrieri
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Summary. — We briefly discuss the soft behavior of scattering amplitudes both
in string and quantum field theory. In particular we show a general argument about
the validity of soft theorems for open superstring amplitudes and list some of our
recent results.

Soft behavior of scattering amplitudes in QED [1] and gravity [2] has been studied
long time ago. Recently it received renewed attention due to its connection [3-5] with
the BvBMS symmetry [6]. Supertring amplitudes of massless open and closed strings
show the same universal soft behavior as the corresponding amplitudes in quantum field
theory [7]. This result is expected to hold if one observes that the three-linear coupling
of massless open superstrings is the same as the Yang-Mills coupling of three gluons
and the coupling of three gravitons in the Type-II theory is the same as in Einstein
gravity. Moreover open bosonic string amplitudes behave universally even in presence of
a correction F 3 to the Yang-Mills vertex and the coupling with the tachyon T F 2, while
closed bosonic string amplitudes don’t due to the presence of a tree-level non minimal
coupling φR2 with the dilaton. Recently we pointed out that also amplitudes involving
massive string excitations behave universally when the momentum of one of the massless
legs becomes soft [8]. In [7, 8] the soft limit of open string amplitudes was studied
abstractly using the OPE analysis of string vertex operators. The conclusion was that
string amplitudes of gluons and higher-spin massive excitations behave universally, in
formulae
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with Ji the angular momentum operator of the i-th external leg. The proof follows if
one considers the OPE of the soft massless leg with the adjacent vertex operators. More
concretely, let’s consider the case in which both the adjacent operators are gluons and
without loss of generality suppose that all vertices are integrated. The OPE gives

(2)
∫ zs+1

dzs (zs+1 − zs)2α′ksks+1−1F (zs, zi) ≈
F (zs+1, zi)
2α′ksks+1
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when ks → 0 and similarly for the operator in zs−1. At the leading order in the soft
momentum ks one gets

(3) VA(ks, zs)VA(ks±1, zs±1) ≈
asks±1

ksks±1
VA(as±1, ks±1 + ks).

The inclusion of higher order corrections to the OPE and vertex operators for higher-
spin states allows one to reproduce the statement contained in eq. (1). We computed
explicitly 4-point superstring amplitudes with 3 gluons and one state belonging to the
first massive level. In particular, we considered the symmetric, transverse and traceless
H and the totally antisymmetric and transverse C state represented respectively in the
−1 super-ghost picture by the vertex operators

(4) VH = Hμνi∂XμψνeipX , VC = Cμνρψ
μψνψρeipX ,

obtaining exactly the behavior predicted by the OPE analysis in eq. (1). We also checked
the validity of a recently proposed formula [9] expressing n-point amplitudes of massless
open strings in terms of Yang-Mills field theory amplitudes. Exploited the unitarity of
string theory we obtained the amplitudes with massive states factorising on the massive
pole in some 2-particle channel. Using dimensional reduction we also performed the
same computation with 4-dimensional momenta and polarisations in the spinor helicity
formalism [10]. Therefore we propose to compute n-point amplitudes with n massive
legs factorising 2n-point massless amplitudes, avoiding in this way the complication due
to the OPE for higher-spin operators. Using KLT relations it is possible to efficiently
compute closed string amplitudes with massive states as the “square” of the open ones we
computed in [8]. We plan to investigate the soft behavior of tree-level closed scattering
amplitudes confirming the universality or the lack of it in the type-IIA, type-IIB, bosonic
and heterotic case. We hope also to shed further light on the soft theorems for the Kalb-
Ramond, the dilaton [11] and the other moduli fields.
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