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Summary. — The full numerical solutions of the time-convolutionless mode-
coupling theory (TMCT) equation recently proposed by Tokuyama are compared
with those of the ideal mode-coupling theory (MCT) equation based on the Percus-
Yevick static structure factor for hard spheres qualitatively and quantitatively. The
ergodic to non-ergodic transition at the critical volume fraction ¢. predicted by
MCT is also shown to occur even for TMCT. Thus, ¢. of TMCT is shown to be
much higher than that of MCT. The dynamics of coherent-intermediate scattering
functions and their two-step relaxation process in a 3 stage are also discussed.

1. — Introduction

In 1984, the so-called ideal mode-coupling theory (MCT) has been proposed by
Bengtzelius, Gotze, and Sjolander [1], and independently by Leutheusser [2] to discuss
the dynamics of supercooled liquids from first principles. Since then, the MCT equations
for the intermediate scattering function F,(q,t) have been numerically solved for vari-
ous glass-forming systems [3-21], where a = ¢ stands for collective case and o = s for
self case. One of the most important predictions of MCT is an ergodic to non-ergodic
transition at a critical temperature T, (or a critical volume fraction ¢.). However, the
numerical solutions have shown that T, (or ¢.) is always much higher (or lower) than
the thermodynamic glass transition temperature T, (or ¢4), which is commonly defined
by a crossover point seen in an enthalpy-temperature line [22]. Those numerical so-
lutions are also shown to violate the original definition of the so-called non-Gaussian
parameter as(t) at an initial time. In fact, MCT leads to as(t = 0) = —2/3 analyti-
cally, while the original definition requires to be 0. In order to overcome these problems,
Tokuyama [23] has recently proposed the time-convolutionless mode-coupling (TMCT)
equations for F,(q,t) by employing exactly the same formulation as that used in MCT,
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except that the time-convolutionless type projection operator method [24] is applied to
derive a Langevin equation for the density, instead of the convolution type [25]. Then,
in the previous paper [26] it has been suggested within a simplified model proposed by
MCT that the critical temperature T, is much lower than that of MCT. By applying the
same mathematical formulation as that discussed by Gotze [27,28] directly to the TMCT
equation, it has been also shown that there exists a two-step relaxation process in a (3
stage near the critical point, which is described by exactly the same two different power-
law decays as those obtained in MCT. Very recently, as a preliminary test of TMCT, we
have also solved the TMCT equations numerically [29] based on the Percus-Yevick (PY)
static structure factor for hard spheres [30] under exactly the same conditions as those
employed in the previous calculations of the MCT equations [9]. Thus, we have shown
that ¢, is much higher than that of MCT. In the present paper, therefore, we compare
the TMCT solutions obtained for the PY model with those of MCT qualitatively and
quantitatively.

2. — Basic equations

We consider the three-dimensional equilibrium glass-forming system, which consists
of N particles with mass m and diameter o4 in the total volume V at temperature T'.
We define the intermediate scattering function by F,(q,t) = (pa(q,t)pa(g,0)*) with
the collective density fluctuation p.(q,t) = N_l/Q[Z;v:l ps(g,t) — Nog o] and the self-

density fluctuation ps(q,t) = €4 Xi() where X;(t) denotes the position vector of the
j-th particle at time ¢t and ¢ = |g|. Since the density fluctuations p,(q,t) are macroscopic
physical quantities, we set ¢ < q., where the inverse cutoff ¢! is longer than a linear
range of the intermolecular force but shorter than a semi-macroscopic length and is in
general fixed so that the numerical solutions coincide with the simulation results at least
in a liquid state. Here F.(q,0) = S.(¢) = S(q) and F(q,0) = Ss(¢) = 1, where S(q) is a
static structure factor.

As shown in the previous papers refs. [23,26], use of the time-convolutionless projec-
tion operator method [24] leads to the TMCT equation for F,(q,t) given by

OF,(q,t ¢
1) ottel) -~ [ ala,m)irFaant)
0
where the memory function (g, t) is described by
0%a(g,t '
&) ) — (@)~ [ Apala.t = 7)ala T
0

Yo being a positive constant. Here we note that the memory term of eq. (1) is convo-
lutionless in time because F,(q,t) describes a diffusion process, while that of eq. (2) is
convolution in time because the current-current correlation function v, (q,t) describes a
mechanical process. The nonlinear memory function Ap,(q,t) is given by

v2 dk
3) Agn(a.t) = 22 | ol PPkt Fala = kl.0)
o« J< (2m)

where | . denotes the sum over wave vectors k whose magnitudes are smaller than a
cutoff g.. Here n. =1, ny =0, p = N/V, and vy, = (kgT/m)"/?. The vertex amplitude
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Vo (g, k) is given by
(4) va(q, k) = q - kc(k) +naq - (g — k)c(lg — k),

where pc(k) = 1—-1/S(k) and ¢ = q/q. Here we note that the nonlinear memory function
given by eq. (3) has exactly the same form as that obtained in the ideal MCT within the
MCT approximation.

Equation (1) is easily solved to obtain a formal solution

9 fal:t) = %) — expl- Ka(a,0),
with the cumulant function [31]
(© Kala.) = [ (6= 7)u(a.

As shown in the previous paper [26], use of eqs. (2) and (6) then leads to

PKo(q,t)  q*od, 0K, (q,t) K 0K, (q,7)
(7 ) = i PRl [ (gt - Rt D

where the initial conditions for K, are given by K,(q,t = 0) = dK,(q,t)/dt|t=o = 0.
Equation (7) is an ideal TMCT equation to be compared with the ideal MCT equation
discussed below.

The ideal MCT equation for the scaled scattering function f,(g,t) is given by [1]

Plola.t) _ 4" Ofale.t) (' 0fala.7)
®) ot2 Sa(tq)fa(q’t)%@t/OAsoa(q,tT)aTdT.

Here we note that egs. (7) and (8) have the same form, except for the first term. Applying
the time-convolution projection operator method [25] to the starting equation for the
density, one can also derive a new equation for f,(g,t)

(9) OIela:l) _ o /O (@t — 1) falg,7)dr,

where /,(q,t) is a memory function. As discussed in ref. [23], the memory function
Yl (q,t) is shown to be identical to 1,(q,t) within the MCT approximation. From
egs. (2) and (9), one can then derive eq. (8). Thus, eq. (9) is an equation to be compared
with eq. (1). Next, we show that the difference between those starting equations in both
theories causes significantly different results.

One of most important predictions of MCT is an existence of the ergodic to non-
ergodic transition at a critical point, above which the scaled scattering function f,(q,t)
reduces to a non-zero value for long times, the so-called non-ergodicity parameter f,(q).
From eq. (8), one can find [1]

(10) fala) _tlggo Salq) 1+ Fa(q)’
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with the long-time limit of the memory function

() ala S o) = g | WV @kl — KDL (g — K,

where the vertex VCSZ) is given by

(12) Vi (a, ks lg — k) = pSa(a)Se(k)Sa(la — kl)valg, k)*/a*.

As shown in the previous papers [23,26], this prediction also holds for TMCT. In fact,
from eqs. (5) and (7) the non-zero solution is given by

(13) falg) = exp [Tl(q)] |

Introducing the long-time cumulant function K, (q) by fo(q) = exp[—Ka(q)] and using
eq. (13), one then finds

(14) Ka(9)%a(q) = 1.

Equation (13) is a TMCT equation to find f,(¢) and is compared with the MCT equation
given by eq. (10).

In order to estimate how the critical point obtained by eq. (14) is different from that
by eq. (10), it is convenient to employ the simplified model discussed by Bengtzelius
et al. [1]. Then, one can write S(q) as S(¢) = 1+ Aé(q — ¢m), where A is a positive
constant to be determined and g¢,, a wave vector of the first peak of S(g). In the following,
we only discuss the collective case for simplicity. Then, one can write eq. (11) as F.(¢mm) =
kfe(gm)?, where the coupling parameter x is given by & = pg, A%25(q,)/(872%). Use of
egs. (10) and (11) then leads to a physically reasonable solution for MCT

(15) fe=1/24(1/4—1/r)Y2,

From eq. (15), one can find the critical coupling parameter k. = 4 and the critical
Debye-Waller factor f¢ = 1/2. On the other hand, use of egs. (11) and (14) leads to

(16) kK, = e,

This is the so-called Lambert W-function and has a physically reasonable solution for
TMCT whose critical point is given by k. = 2e(=~ 5.43656), K¢ = 1/2, and f¢ = e K¢ =
e~ 1/2(~ 0.60653) [26]. Thus, the critical coupling parameter . of TMCT turns out to be
larger than that of MCT. In fact, as shown in the previous paper [26], this suggests that
the critical temperature T, (or the critical volume fraction ¢.) of TMCT is much lower
(or higher) than that of MCT. This is confirmed later by solving the TMCT equations
numerically based on the PY static structure factor.

The second important prediction of MCT is that there exists a two-step relaxation
process in a 3 stage. As demonstrated in refs. [26,27], one can directly apply exactly the
same formulation as that employed by MCT to eq. (13) near ¢.. Thus, f.(q,t) is shown
to obey exactly the same characteristic two-step relaxation process as that obtained by
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MCT [28] at the so-called [-relaxation stage [3] near the critical point; the so-called
critical decay at a fast § stage

(17) fel@,t) = f2(q) + helo|2(t /1), to <t < to,

and the so-called von Schweidler decay at a slow 3 stage

(18) fela,t) = fola) = he(t/1,)",  te St <y,

where f¢ is a critical Debye-Waller factor, h, a positive constant, and t; a microscopic
time, t, = to|o| /2%, and t/, = toB~'/°|o|7. Here v = 1/2a + 1/2b and B is a positive
constant to be determined. The time exponents a and b are determined through the
relation I'[1 — a]?/T[1 — 2a] = ['[1 + b)?/T'[1 + 2b] = A, where I'[z] is a gamma function
of z. For the details of parameters, the reader is referred to ref. [28]. For the PY model,
A(ge) is calculated for MCT as A = 0.735 at .04 = 40, leading to a = 0.312, b = 0.583,
and v = 2.46 [6]. Here we should note that in order to check whether the value of A
is the same as that of MCT or not, one must calculate it numerically under the same
conditions as those employed in MCT. In the present paper, however, we just check
instead whether the value obtained in MCT for the PY model is valid for TMCT or not.
Finally, we mention that as shown in the previous paper ref. [32] the scattering function
is also described by the logarithmic decay in a 3 stage as

(19) fela,t) = f& = Aln(t/t,) = B(t/t,)

where A, B, and C are positive constant to be determined, and ¢, a characteristic time
of (3 stage.

3. — Numerical solutions

We now solve the TMCT equations numerically by using the PY static structure
factor under the same conditions as those employed by Chong et al. [9] to solve the
MCT equations at q.0q4 = 40 and 7, = 0. Here the MCT equations are also solved and
the solutions are compared with the previous results obtained from refs. [9,14] to check
whether the present calculations are correct or not. The control parameter is the volume
fraction given by ¢ = wpag /6. Following the former calculations by MCT, we also put
Yo = 0. Although most of the MCT calculations have been done at g.oq = 40, we here
take three different cutoffs as ¢.04 = 10, 20, and 40 for comparison. Thus, we compare
the numerical solutions of TMCT with those of MCT.

We first discuss the critical volume fraction ¢. and the so-called Debye-Waller factor
fe(q) for TMCT by solving eq. (14) with eq. (11) and also for MCT by solving eq. (10)
with eq. (11). By changing the variables in the memory function 7.(q, f¢, f.) given by
eq. (11), one can easily write 7.(q, fe, f.) as

pS(q)

(20) Fe(qs fey feiqe) = 32m25

H(q7 fC’ fC; qC))
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TABLE L. — Critical volume fraction ¢. for MCT and TMCT and a first peak position qm of f5(q)
at different wave vector cutoff qc.

Theory be
geoq =10 20 40

MCT 0.5924 0.5214 0.5159
(qmoa) (7.398) (7.093) (7.070)
TMCT 0.695 0.5856 0.5817
(gmoa) (7.860) (7.368) (7.350)
with

qe lg+x|
(21) H(g. o fia) = [ do /| S @S W) )

0 q—x

2
x [(¢* + 2% = y*)e(2) + (¢ — 2" + y*)c(v)]
Use of eq. (14) then leads for TMCT to

3272¢°
pS(q)H (q, fe, fe;qc)’

where f.(q) = exp[—K.(q)]. On the other hand, use of eq. (10) leads for MCT to

(22) KC(Q) =

pS(Q)H(q, fe, fe;qc)

(23) IO = S5m0+ oS (@) H . for for)

Equations (22) and (23) are self-consistent equations to find the Debye-Waller factor
fe(q) at a given value of g..

The values of ¢. and ¢, are listed in table I. The critical point ¢, explicitly depends
on the value of q., where ¢, increases as ¢q. decreases. Irrespectively of the value of ¢,
¢ of TMCT is always much higher than that of MCT. In fig. 1, the critical Debye-
Waller factor fS(q) is plotted versus qog for different cutoffs ¢.oq = 20 and 40. Thus,
it is shown that f¢(q) of TMCT is larger than that of MCT since ¢, of TMCT is much
higher than that of MCT. However, we should mention here that at volume fractions
higher than ¢, of TMCT, the Debye-Waller factor f.(¢) of MCT is always larger than
that of TMCT. In order to check the present MCT numerical solutions, the previous
MCT numerical solutions obtained for the PY static structure factor at g.o4 = 40 by
Voigtmann et al. [14] are also shown. Thus, the present MCT results are shown to agree
with them within error.

We next discuss the numerical results obtained by solving the TMCT equation given
by eq. (7) at g.oq = 40 and compare them with those of MCT. In figs. 2(A), the scaled
coherent-intermediate scattering function f.(q,t) is plotted versus scaled time vnt/og4
for different volume fractions at q.cq4 = 40, where ¢ = ¢,,. Here we note that although
we neglect the numerical solutions of TMCT for ¢ > ¢. in fig. 2(A), they also become
constant to be f.(q). We should also mention here that even for smaller volume fractions
the numerical results of TMCT do not agree with those of MCT, irrespectively of the
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Fig. 1. — (Color online) A plot of the critical Debye-Waller factor f&(q) versus q. The solid lines
indicate the numerical results for fS(q) at gcoq = 20 and the dotted lines at g.04 = 40 from
ref. [29]. The symbols (e) indicate the numerical results at gcoq = 40 from ref. [14].
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Fig. 2. — (Color online) (A) A plot of f.(q,t) versus scaled time vgnt/oq for different volume
fractions at g.oq = 40, where ¢ = gn,. The solid lines indicate the TMCT results and the dotted
lines the MCT results for ¢ =0.40, 0.50, 0.55, and 0.58 from left to right. (B) A log-log plot of
|fE — fe(q,t)| versus scaled time vgnt/oq for ¢ = 0.58 at g.oq = 40. The solid line indicates the
TMCT results, the dot-dashed line the critical decay, the dotted line the von Schweidler decay,
and the long-dashed line the logarithmic decay, where A = 0.735 (a = 0.312 and b = 0.583),
fE=0973, A=1.9302 x 1073, B = 1.0255 x 107, C' = 1.0, and ¢, = 10%.14404/vp.
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value of g.. For the PY model, X is calculated at q.o04 = 40 for MCT as A = 0.735,
leading to a = 0.312, b = 0.583, and v = 2.46 [6]. We now check whether this value also
holds for TMCT results or not. In fig. 2(B), a log-log plot of |f$ — f.(q,t)| versus time
is shown for ¢ = 0.58 at q.o4 = 40, where ¢ = ¢,,,. Although the volume fraction 0.58 is
not very close to the critical point ¢., where 1 — ¢/¢. = 2.29 x 1073, the TMCT results
can be described by the von Schweidler decay well, while they are also partially described
by the critical decay. Thus, the value of A calculated at g.oq = 40 for MCT might be
valid even for TMCT. Finally, we should mention here that the logarithmic decay can
describe the numerical results in a fast § stage much better than the critical decay.

4. — Summary

In this paper, we have analyzed the numerical solution of the TMCT equations ob-
tained by using the PY static structure factor under the same conditions as employed in
the previous works for MCT and then compared their solutions with those of the MCT
equations. We have shown that the critical volume fraction ¢, of TMCT is much higher
than that of MCT, irrespectively of the magnitude of ¢. (see table I). Then, we have
compared the wave vector dependence of critical Debye-Waller factors of TMCT with
that of MCT. We have also shown that there exists the same two-step relaxation process
in a ( stage as that discussed in MCT near ¢.. Very recently, this asymptotic behavior
was also confirmed by Gotze et al. [27]. In order to check whether TMCT can describe
the dynamics of supercooled liquids reasonably well or not, the TMCT equations must
be solved numerically by using the static structure factor obtained from the simulations
and the experiments. This will be discussed elsewhere.
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