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Summary. — We present recent simulation results on the dynamics of supercooled
water with the TIP4P/2005 potential. We find that the dynamical behaviour of
the translational motion of the molecules is well interpreted in terms of the Mode
Coupling Theory, as it was found for supercooled TIP4P water. We compare the
results of the two models and in particular we find also in TIP4P/2005 a crossover
from a fragile to a strong regime. We connect this crossover to the crossing of the
Widom line emanating from the liquid-liquid critical point.

1. – Introduction

The hypothesis of a liquid-liquid critical point (LLCP) in supercooled water was
formulated for the first time on the basis of numerical simulations of the phase diagram
of the ST2 water model [1]. The presence of the LLCP provides a thermodynamically
consistent interpretation of the anomalies in thermodynamic response functions found in
experiments. In approaching −39 ◦C, in fact, the constant pressure specific heat and the
isothermal compressibility show a strong increase similar to the singularities observed
close to a critical point [2]. The LLCP was considered as the end point of the coexistence
curve between a low density liquid (LDL) and a high density liquid (HDL) that would
continue the two glassy states of water, the low density amorphous (LDA) and high
density amorphous (HDA) ice [3-6]. The search for the LLCP stimulated a great deal of
experimental and computer simulation studies in the field. Evidences of the existence of
a LLCP were found in a number of computer simulations performed with different models
for water [1,7-12] and they were confirmed by extensive free energy calculations [13-24].

The experimental study in the supercooled region of water however is made rather
difficult for the tendency of water to form the ice crystal phase below the temperature of
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homogeneous nucleation [25]. A great debate is still present in the literature about the
possibility of observing the LLCP in real water.

In this framework the concept of Widom line has been introduced [26, 27]. Critical
phenomena in fluids are characterized by the divergence of the density correlation length
at the critical point and, as a consequence, a power law divergence of the thermodynamic
response functions, like the specific heat and the compressibility, is found. Moving from
the critical point into the one phase region, those functions show maxima along a line,
defined as the Widom line. In the studies of the supercooled water the Widom line is
considered a very relevant signature of the presence of the LLCP. Importantly it connects
the thermodynamics also to the dynamical behaviour of the supercooled liquid.

Besides the thermodynamic calculations, in fact, also studies of the dynamical proper-
ties of supercooled water were performed starting from a computer simulation of SPC/E
water [28,29], where it was shown that the structural relaxation upon supercooling is in
agreement with the Mode Coupling Theory (MCT) [30]. Experimental confirmations of
this finding were found [31, 32]. In more recent years it was found that in a regime of
deep supercooling the structural relaxation deviates from the MCT ideal behaviour and
it is driven by activated processes. So, water approaching the LLCP shows a crossover
from a fragile to a strong liquid behaviour [33, 26, 34-36]. This is in agreement with
experimental findings [37,38] and computer simulation results [39-41] on confined water.
From all those previous studies a relation between the thermodynamics and the dynam-
ical behaviour has been found and it has been demonstrated that the fragile-to-strong
crossover (FSC) takes place in crossing the Widom line.

The FSC crossover can be interpreted in the framework of MCT as the transition
from an ideal cage hopping free regime to a hopping-dominated regime upon deeply
supercooling [40]. In this respect the Widom line signs the switching on of hopping
processes upon supercooling. In a recent paper of our group it was shown that this
interpretation is confirmed in TIP4P water [34]. The TIP4P water model is known to
give a good qualitative agreement with the phase diagram of water as soon as a rigid
shift of −73MPa in pressure and +31K in temperature is performed [11]. TIP4P water
shows a dynamical behaviour upon supercooling that can be interpreted in terms of the
MCT with the presence of the FSC. The line of the FSC is coincident with the Widom
line, defined by the maxima of the specific heat in approaching the LLCP [34]. We
now consider water with the TIP4P/2005 potential [42]. TIP4P/2005 reproduces very
well the experimental temperature of maximum density and the different ice phases,
moreover the existence of a LLCP with the associated Widom line defined from the line
of the maxima of the isothermal compressibility that emanates from the critical point
was recently found [12].

In this paper we present the results obtained from computer simulations of the dy-
namical properties of supercooled water with the use of the TIP4P/2005 potential [43]
to compare the outcome of this model with the results of the TIP4P potential. The
two models, in fact, are similar, since they are based on the same geometry but with a
different parametrization of the potential.

2. – Simulation methods

In the following sections we present results obtained by computer simulation of water
with two potentials, TIP4P and TIP4P/2005. In both the models the water molecule
is described as a four-site system. Two charged positive hydrogen sites are connected
with rigid bonds to a neutral site representing the oxygen. The negative charge of the
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oxygen is shifted and carried by a fourth massless site placed along the bisector of the
H-O-H angle and coplanar with the oxygen and hydrogens. The hydrogens have charges
qH = 0.520e for TIP4P qH = 0.5564e for TIP4P/2005 and the neutral oxygen interacts
only through a single Lennard-Jones force with σ = 3.154 Å and ε/kB = 78K in TIP4P
and σ = 3.1589 Å and ε/kB = 93.2K in TIP4P/2005. The distance between the oxygen
and the negative charged site is 0.150 Å in TIP4P and 0.1546 Å in TIP4P/2005.

3. – Dynamics upon supercooling

In fig. 1 we show the TMD as predicted by TIP4P and TIP4P/2005. It is evident that
TIP4P/2005 is in very good agreement with the experimental findings. As it was already
noted, TIP4P shows a TMD in qualitative agreement, but shifted to higher pressure and
lower temperature with respect to experiments.

The phase diagram of TIP4P/2005 appears to be shifted at higher temperatures with
respect to TIP4P, as a consequence the melting temperature is higher for TIP4P/2005,
Tm = 252K, while for TIP4P Tm = 232K. We explored the dynamical properties of
TIP4P/2005 upon supercooling. It was already found that the structural relaxation of
TIP4P water shows in the mild supercooled regime an agreement with the Mode Coupling
Theory (MCT) [34].

We calculated the self-intermediate scattering functions (SISF) of the oxygens of
TIP4P/2005 at the peak of the static structure factor Q0 = 2.25 Å−1, where MCT
features can be more evident. As an example of our analysis, we present in this section
the results for the density ρ = 1.00 g/cm3. The SISF are reported in fig. 2 for three
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Fig. 1. – Portion of the phase diagram of TIP4P/2005 [42] and TIP4P [11] water. The open
squares are the TMD lines predicted by simulations. The full squares are the experimental
TMD. Also the locations of the LLCP for the two models are shown. Blue and red symbols
refer to TIP4P/2005 and TIP4P, respectively.
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Fig. 2. – Oxygen self-intermediate scattering functions calculated at the maximum of the static
structure factor for the density ρ = 1.00 g/cm3 and for three different temperatures: 300 K,
230 K and 200 K. The black lines are for TIP4P/2005 while the red lines refer to TIP4P. In
both cases the solid lines are the MD results and the dashed lines are the fits to eq. (1).

decreasing temperatures and they are compared with the analogous SISF of the TIP4P
model.

The SISF of TIP4P/2005 shows a behaviour in agreement with the MCT predictions
as the SISF of TIP4P. After the early time region, characterized by the initial ballistic
regime for the T < 300K a two-step relaxation behaviour is observed. In the interme-
diate regime, the β relaxation regime, the particle is trapped in the cage of the nearest
neighbors and in the SISF a constant plateau appears, it persists for a longer time at
decreasing T . After the plateau the cage relaxes and the SISF enters in the so-called
α relaxation region described by a stretched exponential decay. It is evident that, due
to the higher value of the melting temperature, TIP4P/2005 shows a slower decay since
it reaches at equal temperature a region of major supercooling with respect to TIP4P.
The SISF of both models can be fitted with the formula used in previous studies of
supercooled water [28,29]

(1) fs(Q, t) = (1 − A(Q)) exp[−(t/τs)2] + A(Q) exp[−(t/τ)β ],

where τs represents the short time fast relaxation, τ is the α relaxation time and β is
the so-called Kohlrausch exponent of the long time stretched exponential decay. The
Lamb-Mossbauer factor [30] A(Q) measures the height of the plateau and it is related to
the size of the cage.

The agreement with the MCT is preserved at the densities ρ = 0.95 g/cm3 and
ρ = 0.98 g/cm3 [43].
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4. – Fragile-to-strong crossover and the connection with the Widom line

From the fit with eq. (1) the values of τ as a function of temperature can be ex-
tracted for each density. In fig. 3 we show the results obtained from the SISF at
ρ = 1.00 g/cm3. We plot 1/τ as a function of the inverse temperature on a semi-
logarithmic scale. According to MCT the α relaxation time would diverge with a power
law behaviour

(2) τ ∼ (T − TC)−γ ,

where TC is the MCT asymptotic temperature of the ideal transition from an ergodic to
a non-ergodic regime. In this limit the dynamics of the system would be frozen. The fit
to eq. (2) is reported in fig. 3 as a red curve for both the models.

As it was already observed in TIP4P, also for TIP4P/2005 a deviation is found from
the MCT prediction going to the lowest temperatures explored. This deviation is due
to hopping phenomena that start to take place in the deep supercooled region. These
phenomena are neglected in the ideal formulation of the MCT, they restore ergodicity
without relaxing the cages. The particle at finite temperature can diffuse through acti-
vated processes induced by temperature fluctuations. The behaviour of τ crosses from
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Fig. 3. – Inverse of the α relaxation time τ versus the inverse of the temperature for the density
ρ = 1.00 g/cm3. TIP4P and TIP4P/2005 are on the left and the right panel, respectively. The
red curves are the fit to the fragile behaviour with the MCT power law, eq. (2), the fit gives
TC = 191.5 K for TIP4P [34] and TC = 190.8 K for TIP4P/2005. The blue lines are the fit to the
strong behaviour with Arrhenius formula eq. (3), the fit gives EA = 42.1 kJ/mol for TIP4P [34]
and EA = 45.3 kJ/mol for TIP4P/2005.
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the fragile MCT power law to the strong Arrhenius function

(3) τ = τ0e
EA/kBT ,

where EA is the activation energy for the hopping.
This transition from the hopping free dynamics to the hopping dominated diffusion

can be characterized in terms of a fragile-to-strong crossover (FSC).
We repeated the analysis we have shown for the density ρ = 1.00 g/cm3 for the other

two densities ρ = 0.95 g/cm3 and ρ = 0.98 g/cm3 and we found a FSC at the temperatures
reported in fig. 4.

As said above, in TIP4P/2005 water a LLCP was found in recent computer simulation
of the phase diagram upon supercooling [12]. The LLCP is located at T = 193K,
P = 135MPa, ρ = 1.012 g/cm3 to be compared with the corresponding LLCP in TIP4P
at T = 190K, P = 150MPa, ρ = 1.06 g/cm3. Both the LLCP are shown in fig. 1. In spite
of the differences in the phase diagram of the two models, the liquid-liquid coexistence
region of TIP4P/2005 appears to be very close to that of TIP4P model. The Widom
line in TIP4P/2005 was obtained from the maxima of the isothermal compressibility in
the original paper [12], we calculated from our MD the specific heat at constant volume
and we derived the Widom line from the maxima of cV . This is the same procedure we
adopted for TIP4P. The Widom line is reported in fig. 4 and it is in close agreement with
the Widom line of ref. [12].
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Fig. 4. – In the ρ vs. T plane for TIP4P/2005 (black symbols and line) and TIP4P (red symbols
and line) the FSC points (circles), the points of the Widom line (diamonds) and the LLCP (full
square) are reported. In the case of TIP4P the broken line is the fit to the diamond points, in
the case of TIP4P/2005 the line connecting the diamonds is only a guide for the eyes.
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5. – Conclusions

We considered the dynamical properties of TIP4P/2005 supercooled water. We have
found strict analogies with the results already known for TIP4P water in spite of the
differences between the phase diagrams of the two models. As TIP4P, also the structural
relaxation of TIP4P/2005 can be described in terms of MCT in the region of mild su-
percooling. A fragile-to-strong crossover is found in the deep supercooled region. This
crossover is related to the presence of the Widom line and to the LLCP and this shows a
strict connection between dynamical and thermodynamic properties [43]. More detailed
studies of the relation of the fragile-to-strong transition with the hopping phenomena
will be the subject of a future paper [44].
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