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Summary. — Using a Luttinger liquid theory we investigate the time evolution of
the particle density of a one-dimensional spinful fermionic system with open bound-
aries and subject to a finite-duration quench of the inter-particle interaction. Taking
into account also the turning on of an umklapp perturbation to the system Hamilto-
nian as a result of the quench, we study the possible formation of a Wigner molecule
inside the system, focusing in particular on the sudden and adiabatic regimes. We
show that the creation of this correlated state is essentially due to the propagation
of “light-cone” perturbations through the system which arise after both switching
on and switching off the quenching protocol, and that its behavior strongly depends
on the quench duration.

1. — Introduction

During the last decade the remarkable experimental improvements in the field of ul-
tracold atoms renewed the interest in studying the non-equilibrium dynamics of isolated
quantum many-body systems [1-3]. Among the latter, one-dimensional (1D) systems are
an ideal playground to explore the interplay between non-equilibrium and interaction
effects. Indeed, from the theoretical point of view, the study of out-of-equilibrium 1D
systems can benefit from the generalization of tools developed to investigate their equi-
librium properties to the non-equilibrium regime. In particular, the Luttinger liquid (LL)
model [4], which describes the equilibrium low-energy sector of any 1D gapless system
including the main effects of inter-particle interactions, proved to be very powerful also in
exploring out-of-equilibrium properties. In particular, it allowed for a better understand-
ing of many general features of the non-equilibrium dynamics of isolated quantum sys-
tems [5,6]. For instance, sudden interaction quenches in LLs provided the first analytical
results about the issue of thermalization in quantum integrable systems [5-7] and showed
very neat signatures of the “light-cone” (LC) effect in correlations functions [6,8,9]. Fur-
thermore they allowed to determine how transport and spectral properties are modified
far from equilibrium [10,11] and to investigate the crossover from sudden to adiabatic
quenches [12-15]. Finally, the possibility of addressing also open boundary conditions [16]

Creative Commons Attribution 4.0 License (http://creativecommons.org/licenses/by/4.0) 1



2 FILIPPO MARIA GAMBETTA on behalf of SERGIO PORTA

enabled to study effects of quantum quench in finite-size 1D systems [15,17]. In the latter
case, when a 1D fermionic system is confined in a small region of space, marked oscilla-
tions appear in the particle density. In particular, Friedel oscillations, due to reflections
at the system edges, exist regardless of the interactions between fermions and give rise
to N/D peaks in the particle density (with N the number of fermions in the system,
assumed even for simplicity, and D the single-particle levels degeneracy) [16,18]. On the
other hand, inter-particle interactions, for example by means of a small umklapp term
in the Hamiltonian of system, could lead to the formation of a Wigner molecule [19-23]
—the finite-size counterpart of the Wigner crystal [18,24,25]— characterized by N peaks
in the particle density, regardless of D. In a previous work [15] the authors studied the
density dynamics of a spinless LL after a quantum quench of the inter-particle interaction
with finite time duration showing that it exhibits a sharp LC behavior. In this system
D =1 and thus Friedel and Wigner oscillations possess the same number of peaks [23].
In this paper we generalize our previous results to the spinful case (with D = 2), where
a competition between N/2 peaks of Friedel oscillations and N peaks of Wigner ones is
expected in the particle density, focusing on both a sudden and an adiabatic turning on of
a repulsive inter-particle interaction. Since a possible umklapp term in the Hamiltonian
—which in equilibrium is responsible for the emergence of Wigner oscillations— strongly
depends on the strength of inter-particle interactions [18,21,25], the quench should also
affects its structure and the associated Wigner contribution to the density. Consequently,
we also consider a simultaneous quench of the umklapp term in the system Hamiltonian
obtaining an overall enhancement of the LC effect already found in the spinless case [15].
Furthermore, we show that the formation of a Wigner molecule is conveyed by the propa-
gation of LC perturbations through the system and is deeply affected by the time duration
of the quench. In particular, in the sudden case two LC perturbations emerge from the
boundaries of the system immediately after the quench and make the particle density
oscillate periodically in time between the non-interacting profile, with Friedel oscillations
only, and the correlated one, with a Wigner molecule clearly visible inside the system.
This periodic behavior is due to the finite size of the system, which results in a finite recur-
rence time and implies that the latter will never reach a steady state [26]. Thus, in order
to create a stable Wigner molecule, one should resort to a slower quenching protocol.
In this case —and for strong enough inter-particle interactions— two LC perturbations
emerge at the beginning of the quench and, after each subsequent passage, contribute
to broaden and to split every initial Friedel peak into two well separated Wigner peaks.
After a long enough quench a Wigner molecule has thus stabilized inside the system
while non-equilibrium effects survives as two different LC perturbations that make the
particle density weakly oscillate above the Wigner molecule configuration: The first ones
are the continuation of the LC perturbations emerged at the beginning of the quenching
protocol while the second ones arise from the boundaries when the quench stops.

The paper is organized as follows. In sect. 2 we introduce our model, describe the
quenching protocol and the various contributions to the particle density. In sect. 3
we analyze the quench dynamics of the particle density after both a sudden and an
adiabatic quench, focusing on the possible formation of a Wigner molecule inside the
system. Finally, sect. 4 contains our conclusions.

2. — The model

We start from a non-interacting spinful LL with Ny fermions with spin
s={1,1} = {+,—} confined in the region 0 < = < L and subject to open boundary
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conditions 15(0) = s(L) = 0, where 14(x) is the single-particle wave function. For
t < 0 the system is described by the initial Hamiltonian (hereinafter i = 1) [4, 16]

(1) Hy= Y| quebl by +EN)|,

v=p,o Lg>0

with momenta ¢ = 7n/L (with n a positive integer). Here, b, , = by 4 + €,b) 4 are the
bosonic annihilation operators of charge (v = p, €, = 1) and spin (v = 0, €, = —1) de-
grees of freedom and E(N,,)) = %NE is the zeroth-mode energy, where N,, = N} + ¢, N|
are the number operators of charge and spin excitations.

Starting from ¢ = 0 a repulsive interaction between the particles is turned on and
brought to the final value g, = v (K, ? —1)/2 by means of a general quenching protocol
Q(t) with finite time duration 7 and such that Q(¢t < 0) = 0 and Q(¢t > 7) = 1. Here,
K, = (14 2g,/vr)~"/? is the final Luttinger parameter, which describes the strength
of inter-particle interactions (with K, < 0 for repulsive interactions and K, = 1 for
non-interacting particles) [4,27]. The time-dependent Hamiltonian of the system is

2) Ht)= > {Zq[vy(t)b;qby,ﬁ;gu(t) (b;qb;ﬁbu,qby,q)} +S(Nl,)},

v=p,0c \g>0

with v, (t) = vp + ¢,Q(t) and g, (t) = —g,Q(t). For any 0 < t < 7 the Hamiltonian
H(t) can be diagonalized by a time-dependent Bogolubov transformation to the basis of
bosonic operators b, 4., [13,15] obtaining

3) H(t)= ) {qul/(t)bj/,q;tbl/,q;t+E(Nu)}7

v=p,0

where 7, (t) = vp/K,(t) and K,(t) = [1 4+ 2¢,Q(t)/vr]~/? are the instantaneous LL
bosonic modes velocity and Luttinger parameter, respectively. Note that for ¢ > 7 one
has K, (t) = K, and 9,(t) = vp/K, = v,. The time evolution of bosonic operators b, ,
for t > 0 can be obtained from the Heisenberg equation of motion [12] and is given by

(4) bu,q (t) = fll(q7 t)bu,q + h;(q7 t)bl,qa

with the bosonic operators on the right-hand side evaluated at ¢ = 0 and the functions
f.(q,t) and h,(q,t) satisfying the relation |f,(q,t)|> — |h.(q,)|*> = 1 Vq,t. For the sake
of simplicity, in the following we will consider a linear ramp quench with [12,15]

0, fort <0 (region I),
(5) Q(t) =14 t/r, for 0 <t <7 (region II),
1,  fort > 7 (region III),

and, in particular, we will focus on the sudden and the adiabatic quench regimes [15].
The former is obtained in the limit 7 — 0 [5,6] while the latter is defined by the condition
8, > L/7 [15], where we have introduced the parameter 6§, = 2vp7(K,?—1)"1. In both
these regimes the functions f,(g,t) and h,(q,t), which encode the entire dynamics of the
bosonic operators b, 4, can be obtained by a straightforward generalization of the spinless
case and we thus refer the interested reader to ref. [15] for further details.



4 FILIPPO MARIA GAMBETTA on behalf of SERGIO PORTA

2'1. Bosonization and density operator. — Following the standard bosonization
prescriptions [4], we decompose the fermionic field W, (x) in right, [Rs(x)], and
left, [Ls(x)], moving fields. Working in the Heisenberg picture, we thus write
U, (z,t) = Rs(x,t) + Ls(x,t). The open boundary conditions ¥, (0,t) = U4(L,t), Vt, im-
ply that L(z,t) = —Rs(—=,t) [16], with the bosonized right-moving field given by [4,16]

Fy(t) . )
(6) Rs(xvt) = 6( ) 6”rNSz/L€Z¢S(m’t).
2
Here, o« is a small length cutoff, ¢s(z,t) = [p,(z,t) + séo(2,t)]/v/2, where

bu(@,t) =50 V7/ Ly e~ U/2[el1"p,, (1) + e~"1"b] (t)] are the charge and spin bosonic
fields, and Fy(t) are the time-evolved Klein factors [4]. The particle density operator

is [4,16]

(7) p(z,t) = prw(,t) + pr(z,1),

with

(8a) pow (@) = % - gaﬂg(:ﬁ,t),

(8b) pr(z,t) = ZS:JZSCOS [L1(Ns,z) — 20%(z,1)] ,

long-wave and Friedel contributions, respectively. Here, £;(N,z) = % — jf(x),

B (x,t) = [po(—1,t) — Po(x,1)]/2 and f(z) = arctan{sin(27z/L)/[e*™/* — cos(2nz/L)]}.
Working in the zero-temperature limit and assuming the system prepared in the ground
state of H; for t < 0, one can evaluate the quantum average of eq. (7) making use of
eq. (4) and following the standard bosonization procedure [4,15,16,20]. The long-wave
term simply evaluates to N,/L while the Friedel one is given by

9) (pr(z, 1)) = — Z %[Ep(x, t)Eq(z,t)]/2 cos [L1(Ns, z)]

S

where (...); represents the quantum average over the ground state of H; and we set
a = L/(mN;) [20]. The time dependence is entirely contained in the envelope function [15]

(10) E,(x,t) =exp [—2; Z ¢

q>0

sin®(qz)| Dy (g, t)|2] )

with D, (q,t) = f.(g,t) — hy,(q,t), which for ¢ > 7 is a periodic function with period
7, = L/v, due the finite size of the system [26]. We recall that for a standard non-
quenched LL with Luttinger parameter K one has E}9(z,t) = E™(z), with [16,23]

(11) E“q(:v) = exp [_% Z % Sin2(qx)‘| _ Sinh(ﬂ'a/ZL)

L a>0 \/sinh2 (ra/2L) + sin® (7 /L)
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With a straightforward generalization of the spinless case procedure [15] one obtains the
following expressions for the envelope function of eq. (9) in the sudden quench regime,

(KZ-1)/2
E"(v,t)

VEM(z — v,t) Er(z + v,t)

(12)  E¥(x,t) = [E"(z)]1HE/2

and in the two regions —defined in eq. (5)— of the adiabatic one,

(130) I (g, 1) = [B%9(a)] KO [1 - ijr?cwy(t))} ,
(30) B0 = B |1 - 1)+ 0(0)
K
+ 127T5DC($,UV(t — T))] .

Here, £,(t) = 6,[K;(t) — 1], C(z,y) = 2D(y) — D(y + z) — D(y — ), with D(y) =
Im[Liy(e"?™~™*)] and Liz(z) the dilogarithm function (see Appendix of ref. [15] for fur-
ther details).

2°2. Inclusion of the Wigner contribution. — In an interacting spinful LL with open
boundary conditions the presence of an umklapp term in the Hamiltonian could lead to
the formation of a Wigner molecule which manifests as density oscillations with a wave
vector 2rN,/L [19,21,22,25]. Since this term strongly depends on the inter-particle
interaction, we also address the impact of the quantum quench on it. For the sake of
simplicity, in the following we will consider a quench in the charge sector only(!), i.e.
with K, = 1, and we will assume for the umklapp perturbation the same quenching
protocol Q(t) (see eq. (5)) as the inter-particle interaction one. Generalizing the analysis
of ref. [21], we add to the Hamiltonian of eq. (2) a small umklapp perturbation,

L
(14) Hy(t) = _%(t) /0 d [N/ L L] () R, (2) L] (2) Ry () + HLe.

= _g(];]gl()t?) /OL dx cos {EQ(NP,:U) - 2\/5‘1)3(35)} .

with ®¢(z,t) defined below eq. (8). Working in the interaction picture with respect to the
umklapp perturbation, the time evolution of the pre-quench ground state, |0;), is given

by [05(2)) = |0;) + gy Yon, fot dt' (n;|H (t')|0;), where |n;) is a generic excited state of
the unperturbed Hamiltonian. The correction (Sprw(,t)); = (0L(t)|prw (z, )]0 (1)) —
(pLw (z,t)); to the average long-wave density of eq. (8a) due to the presence of the

(1) Note that the Wigner contribution is not affected by a quench in the spin sector and thus
what follows remains valid also in the general case.
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umklapp perturbation evaluates to

(15) <6pLW(x,t)>i%iLégT[é)2 /Ozdy/o AQ ) Sn[L(N,, )| F, (£, ¢') + He.
= Mw(pw (1)),

with Fy(z, t;y,t') = [Ep(y,t’)]22q>o e~ cos(qr)sin(qy)Dy(q,t) D (g, t'). In the last
line of the above equation we identified the perturbative correction with the Wigner
contribution to the particle density —which should be added to the quantum average of
the density operator in eq. (7)— up to the multiplicative factor Aw (see egs. (17, 18, 19)
below for details). Since the latter is proportional to gy its exact value cannot be obtained
in the framework of the LL theory and should be considered as a free parameter of the
model [21,22,25]. In order to preserve the normalization of the total average density
we also introduce an additional parameter A\p, which measures the weight of Friedel
contribution. Imposing the condition (p(0,t)); = (p(L,t)); = 0 we obtain(?)

(16) (ot = 5+ |14 A - (ow(0.00 | e+ dwlowr )

Starting from eq. (15) we now proceed by evaluating the Wigner contribution in eq. (16)
for both a sudden and an adiabatic quench. In the former case one obtains

. N, 7N, [tdt . .
(17) (p&(x,t)}izfpﬁ ; gz_:insm (Lo (N, S (x,t,1))]

x [E30(S3(x, 1,1, )],

where Si(z,t,t') = x £ v,(t' —t) and 70 = L/vp is the typical time-scale of the system.
Following a similar procedure for the two regions of the adiabatic quench case we obtain

N, N
11,ad P P
o (X, t)); ="/ — ——
< W ( ) )>Z [ Kvp o

t /
s {nsin [£5 (N, S5, 1,1)]
T

(18) x (B (st (a,1,0),0)] ],

with SY2 (¢, ') = 2 + [(,(t') — £,(t)] and
N, TN, de’

(P Yz, t))s = 7r{/ Z nsin [Ly (N,, S (x,t,"))]
Enad Smad(g t.t'), / sin [£ ,Smadxtt
x| (S5 o Z’? 2 (N, ( )]

n==+

(19) % [E;II,ad (SEIII’ad(x,t,t/),t/)}2 }7

(%) Note that for t = 0 one has (pw(x,t)); = 0 and thus (p(x,t)); = N,/L + (pr(x,t)):, as
expected.
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Fig. 1. — Panel (a): density plot of the total average density (p(x,t)); as a function of x (units
L) and t (units 79) over one period 7, for a sudden quench from K,; = 1 to K, = 0.4 with
Aw = 0.5. The dash-dotted gray line highlights the position of one of the two LC perturbations.
Panel (b): snapshot of the density for t* = 0.0979 (red solid line) and ¢t* = 0.187y (blue dashed
line) for Aw = 0.5. The thick dots represent the positions of the LC perturbations. Inset: same
as panel (a) for Aw = 0.3. In all panels, Ny = N} = 4.

where ST (x, t,4') = & + [(,(t') — £,(1) — v, (t — 7)] and SV (x, t,#') = & + v, (t' —1).

3. — Results

In this section we investigate the dynamics of the average density of eq. (16) for both
a sudden and an adiabatic switching on of the inter-particle interaction. The initial
average density possesses only long-wave and Friedel contributions and thus, assuming
N, even, exhibits N,/2 peaks [16,20,23]. After turning on the umklapp Hamiltonian
a Wigner contribution starts growing in the average density. Thus, if the final inter-
particle interaction is strong enough, one expects the average density to exhibit at some
point the IV, peaks associated to the Wigner term, signaling the formation of a Wigner
molecule inside the system [19-22]. As we will show below, the dynamics of this molecule
is dramatically affected by the time duration of the quenching protocol and its emergence
is conveyed by LC perturbations propagating through the system [8,15].

Sudden quench. Figure 1 shows the dynamics of (p(x,t)); for a system with
Ny = N| = 4 fermions after a sudden quench of the inter-particle interaction from
the non-interacting case with K,; = 1 to K, = 0.4 —corresponding to an equilibrium
situation with a well formed Wigner molecule— for Ayww = 0.5. From panel (a) it can
be clearly seen that the post-quench density dynamics exhibits a peculiar LC behavior.
Indeed, at t = 0 two LC perturbations arise from the edges of the system and start
traveling ballistically in opposite directions with velocity fwv,, i.e. the velocity of the
final bosonic excitations, bouncing elastically whenever they reach one of the system
boundaries [15]. The LC perturbations are encoded in the functional dependence z vt
of the envelope function in eq. (12), which appears both in Friedel and Wigner contribu-
tions [15]. Furthermore, in the latter term they also emerge due to the presence of the
function Sypd(x,t,t') in the integrand of eq. (17). Comparing panel (a) with the inset in
panel (b), where the same quench of fig. 1(a) for Ay = 0.3 is shown, one can see that
this latter contribution enhances the overall amplitude of the LC perturbations. As a
further effect, the quench of the umklapp perturbation also produces some ripples in the
density —see fig. 1(a)— which, however, do not produce significant modifications in the
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(p(x,1))i

<7

Fig. 2. — Density plot of the total average density (p(z,t)); as a function of z (units L) and ¢
(units 70) after an adiabatic quench of the inter-particle interaction from K,; =1 to K, = 0.4
with time duration 7 = 27y5. Here, two different counter-propagating LC perturbations are
present: the first ones (LC1) arise at ¢ = 0 (blue, dashed lines) while the second ones (LC2)
emerge at ¢ = 7 (gray, dash-dotted lines). For both LC1 and LC2 only one of the two LC
perturbations is drawn. The black line represents t = 7. Here, Ny = N| =4 and Aw = 0.5.

density. From fig. 1 the relevance of the LC perturbations in the formation and evolu-
tion of the Wigner molecule inside the system clearly emerges: in regions not reached
by any LC perturbations the density exhibits essentially the same behavior as in the
initial state, oscillating with Friedel wave vector mN,/L, while where one of the two LC
perturbations has passed the original Friedel peaks split and oscillations with Wigner
wave vector 2nN, /L emerge. However, the newly formed Wigner molecule is destroyed
by the passing of the second LC perturbation, which contributes to the restoration of
the initial pre-quench situation and ensures the periodicity of the system dynamics [26].

Adiabatic quench. In order to create a stable Wigner molecule inside the system one
has to resort to a slower quench. Figure 2 shows the behavior of (p(x,t)); in a system
with Ny = N| = 4 after an adiabatic quench of the inter-particle interaction from the
non-interacting case with K, ; = 1 to K, = 0.4 with time duration 7 = 275 and Aw = 0.5.
Let us analyze the dynamics of the system starting from ¢ = 0. Here, similarly to the
sudden regime, two counter-propagating LC perturbations (LC1) arise from the system
edges. In this case, however, they travel ballistically through the system with velocity
U,(t), which corresponds to the instantaneous velocity of the LL bosonic modes (see
eq. (3)) [13,15]. The presence of these perturbations is again encoded in the envelope
function of eq. (13a) and, in particular, in the function C(x,¢,(¢)) [15]. Moreover, as in
the sudden quench case, the peculiar structure of the function S,I]Lad(x, t,t') present in
the Wigner contribution of eq. (18) further enhances the LC amplitude. Even in this case
the evolution of the density is strictly connected with the presence of LC1. Indeed, as can
be seen from fig. 2, the density profile at position x remains approximately unchanged
until it is reached by one of the two LC1 perturbations. However, in sharp contrast with
the sudden case, after each subsequent passage of LC1 every pre-quench Friedel peak
becomes broader and broader until it splits into two distinct Wigner peaks, signaling
that a Wigner molecule begins to form inside the system. When the quench stops at
t = 7, if the quench has lasted long enough as in the case of fig. 2, a Wigner molecule,
created by the propagation of LC1 during the quench, has stabilized inside the system. In
addition to this molecule one can see LC1 continuing its motion with velocity v,, as can
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be inferred from the second contribution to EN'2d(z,¢) in eq. (13b) (see in particular
the function C(z,v,(t — 7) + £,(7))) and from the functional form of ST"*%(z,¢,#') in
eq. (19)(3). However, at t = 7 two new counter-propagating LC perturbations (LC2)
emerge from the system boundaries and start propagating ballistically with velocity v,,.
Again, these perturbations are encoded both in the third contribution to EXd(z,¢) in
eq. (13b) (see the function C(z, v, (t — 7))) and in the form of S*(z,¢,¢') in eq. (19).
Furthermore, from eq. (13b) and from fig. 2 one can see that LC1 and LC2 have opposite
effects, as in the spinless case [15]: LC1 leads to an overall increasing of the density while
LC2 tends to lower it. The post-quench dynamics is thus deeply affect by the interplay
between LC1 and LC2 and this fact can be exploited to further increase the adiabaticity
of the quench, as discussed in ref. [15] for the spinless case. Note that the more the
quench is adiabatic, the less LC perturbations influence the post-quench dynamics of the
Wigner molecule (see in particular eq. (13b)), which will thus become more and more
stable.

4. — Conclusions

In this paper we investigated the density dynamics of a spinful LL with open boundary
conditions after a sudden and an adiabatic quench of the inter-particle interaction. As
a result of the latter, we also considered the switching on of an umklapp term in the
system Hamiltonian, showing that it further enhances the LC effects arising due to the
inter-particle interaction quench. We then studied the emergence of a Wigner molecule
inside the system in both the quench regimes, showing that its formation is conveyed
by LC perturbations arising at the beginning of the quench from the boundaries of the
system. In particular, in the sudden quench case we showed that these perturbations
create an unstable Wigner molecule, with the density oscillating between this correlated
state and the initial non-interacting one. On the other hand, in the adiabatic regime we
obtained that during the quenching protocol each passing of the LC perturbations makes
the initial Friedel peaks broaden a bit until they are split into two well-separated Wigner
peaks. When the quench stops two new LC perturbations arise from the boundaries and,
together with the continuation of the initial ones, propagate through the system on top
of the approximately stable Wigner molecule formed during the quench.
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