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Ghosts in ghost-free analytic infinite derivative gravity
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Summary. — In this note we would like to reiterate concisely the problem of
ghosts in what seemed to be ghost-free infinite-derivative theories.

Higher-derivative theories often arise in the literature [1-21] and we start with a simple
example: a model example providing such a higher derivative modification can be readily
written as follows:

(1) S =

∫
d4x

[
1

2
φ(�−m2)f(�)−1φ− V (φ)

]
,

where � is the d’Alembertian operator. This toy example can be traced to string field
theory [22-25] which on top of many attractive features contains analytic infinite deriva-
tive (AID) operators or form-factors acting on space-time fields. These operators appear
analytic at low energies making IR limit easy to discuss. The characteristic scale, the so-
called scale of non-locality M separates local (IR) and non-local (UV) regimes. Usually
we set it to unity but in the full picture we should have f(�/M2).

In this simple example we may have a propagator of an infinite order in derivatives and
there is an interaction term which we assume generates a potential bounded from below.
These are the features typical for non-local models that have applications to quantum
gravity (renormalizable and ghost-free AID theories) [19] and UV finite non-local scalar
theories with an arbitrary potential [20, 26, 27]. For the metric signature (− + ++) the
above Lagrangian describes a normal non-ghost field if f = 1 which is moreover not a
tachyon for m2 > 0.

To see why SFT plays the role of the most robust motivation for theories with an
infinite number of higher derivatives in the form of analytic form-factors, let us see the
kind of Lagrangians which arise in the SFT construction [24,25],

(2) LSFT =
1

2
ϕ(�−m2)ϕ− V (e−σ(�)ϕ) ,
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where σ(�) is some polynomial of the d’Alembertian � and V is some interaction, poly-
nomial in its argument and the lowest degree of the field ϕ in V is 3. In other words,
V does not contain quadratic in ϕ terms. Technically V is not an interaction potential
anymore since it has clear momentum dependence. In string theory, the scale of non-
locality is the string mass which is theoretically bounded by the Planck mass MP from
above.

From the perspective of the latter Lagrangian we have a theory with AID vertices.
One can however easily redefine the field as φ = e−σ(�)ϕ and move the AID operators
to the term quadratic in fields. This yields

(3) L =
1

2
φ(�−m2)e2σ(�)φ− V (φ) ,

which is exactly Lagrangian (1) where f(�)−1 = e2σ(�).

In a well-defined scenario, one should avoid ghost fields and this is one of the guiding
principles limiting our AID theory construction. We know starting from the papers by
Ostrogradski [1] that higher derivatives generically introduce ghosts. Since the number
of degrees of freedom is counted by the number of poles in the propagator one may try to
keep only one pole even with extra derivatives in the Lagrangian. Given the construction
above this can be made only if the original operator (� −m2) in the quadratic form is
multiplied by a function of the d’Alebertian which has no zeros on the whole complex
plane. Mathematically the only possibility for such an extra factor is an exponent of
an entire function. This being said as long as the ghost absence question is concerned
we can consider σ(�) to be a generic entire function and not only a polynomial. The
presented construction can be trivially elevated to models in a curved background by
a simple replacement of the flat space-time d’Alembertian by its covariant counterpart.
This will not spoil the ghost-free condition in any way.

We stress however that the non-local function itself depends on the particular vacuum
of the potential in order to guarantee the absence of ghosts. Namely, consider a potential
that has several vacua which moreover arrange different masses to the scalar field. The
presented above construction allows having no ghosts only in a single vacuum in which
the mass of the field is given by m2. In other words, in this vacuum V ′′(φ) = 0.

As long as V ′′ �= 0 in a vacuum which is true in a generic situation or around a
classical background an attempt to linearize equations results in the following operator
in the quadratic form:

(4) Km(�) =
1

2
(�−m2)e2σ(�) − 1

2
m2 .

Here we use m2 = V ′′(φ) with φ being the classical background value of the scalar field or
simply a non-trivial vacuum. This particular operator results in infinitely many effective
local scalar fields with most of them having complex masses squared.

Suppose we consider a theory in which in all vacua V ′′(φ) = 0. Then we name these
new fields effective because they do not belong to any vacuum of the model in a sense
that they cannot be created as states in any present vacuum of the theory. Still, there
is nothing wrong with linearizing around a non-vacuum point of evolution especially if
the effective mass is a slowly varying quantity as it is for any nearly flat potential (for
example, during inflation).
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To understand why many fields appear it is useful to represent the operator function of
the d’Alembertian utilising the Weierstrass product decomposition for an entire function
which tells us that any entire function G(z) can be presented as

(5) G(z) =
∏
i

(z − zi)
nieg(z) ,

where zi are algebraic roots of the equation G(z) = 0, ni is the root’s multiplicity and
g(z) is some entire function. In the simplest case all ni = 1. The operator K outlined
above is a manifestly entire function. A further justification to make use of this formula in
general comes from the fact that at least the string field theory obtained models certainly
contain only entire functions of � as operators in field quadratic forms. Therefore, in a
generic case for models containing the following term quadratic in field:

(6) L =
1

2
φG(�)φ+ . . . ,

with an entire operator function G(�) one can easily achieve two things [28,29]:

• first, the free equation of motion can be easily solved. Indeed, it would look like

(7) G(�)φ =
∏
i

(�−m2
i )e

g(�)φ = 0 .

We assume here for simplicity that the root’s multiplicity is always one. Then the
solution will be

(8) φ =
∑
i

φi where (�−m2
i )φi = 0 .

Moreover, since the original model provides a form-factor with real coefficients
in its Taylor expansion around zero, all roots are either real or come in complex
conjugate pairs.
For a pair of complex conjugate roots, numbered say i and j, one should consider
correlated initial conditions on functions φi and φj such that the sum of these
functions is zero. This is a condition for a consistent background solution for the
original field φ which must be real.
We note here that more than one real m2

i will definitely be a ghost-like excitation
and is as such a problematic configuration. However, pairs of complex conjugate
masses squared are not necessarily bad and may lead to hassle-free models. Notice
that in this case one encounters a somewhat non-canonical complex field model
which has the following Lagrangian:

(9) Li =
1

2

[
G′(m2

i )φ(�−m2
i )φ+ G′(m2

i
∗
)φ∗(�−m2

i
∗
)φ∗

]
,

which cannot be diagonalized in real fields. Factors of G′(m2
i ) appear upon com-

puting the Weierstrass decomposition.
The appearance of complex conjugate poles and their interpretation was already
discussed in [3]. In a nut-shell, such poles with masses m = u ± iν with ν > 0
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would imply causality violation at distances less than 1/
√
ν. Even generically an

alarming symptom, it can be safely ignored given that the imaginary part which
would cause troubles is large enough compared to physically important scales of
the model. On top of this absence of classical growing modes should be guaranteed
to claim safely that newly appeared particles do not interfere with the rest of the
model. It is important to verify that this wishful expectation holds.

• Second, one can straightforwardly compute residues at all poles of the propagator.
The point is to figure out by use of formula (5) that a residue at the point of m2

i

is given by 1/G′(m2
i ) which is not zero by construction as long as all roots are

assumed to be the simple ones.
One technically important point here is that in principle fields can be rescaled to
a somewhat arbitrary number. This implies that unless we clearly understand the
field’s normalization, or unless there are no eternal guiding principles for doing
that, one can always bring the real part of the residue value to be ±1.

The novel and intuition breaking thing here is that the very situation of changing
the number of degrees of freedom dynamically is extremely unusual and is met here
only due to higher derivatives. Moreover, the jump is bizarre from a single excitation to
effectively infinitely many of them and most of those extra “would be” excitations have
complex masses which are totally alien objects in canonical field theory. What is even
more curious, neither vacuum of the presented theory can create anything but one real
massless particle.

Hence, in principle, we can say that those effective fields are not excitations in any way
and as such just stop discussing them. However, since their appearance, even effective,
is not a completely understood process, we are going to follow a safer way and show that
these “would be” degrees of freedom are screened by having huge masses compared to
real physical scales in the model. This follows from the adjustment of the non-locality
scale Λ to be heavier than the Hubble scale during inflation. Also we will formulate a
condition allowing no classical growing modes for these new modes.

Masses of effective particles are given by roots of an algebraic equation [28]

(10) Km(m2
k) = 0 .

What happens is that the masses of the fields are very large compared to the non-locality
scale. This is however not enough to be relaxed about their presence, given that half of
them are ghosts.

Additionally we want to see that it is possible to have no growing classical solutions
for these new effective modes. This simply boils down to solving the free equations of
motion of the form

(11) (�−m2
k)φ = 0

for all modes enumerated by k.

Let us start with the background d’Alembertian operator evaluated on the de Sitter
background. Even thought the equation looks familiar it gets a new twist because m2

k

is complex. Given that the Hubble parameter is denoted as H for our background de
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Sitter space-time the solution to the latter equation is given by

(12) φ = e−
3
2Ht

(
αJρ

(
ka0
H

e−Ht

)
+ βYρ

(
ka0
H

e−Ht

))
with ρ = −

√
9

4
− m2

k

H2
,

where Jρ, Yρ are Bessel functions of the first and second kind and a0 is the normalization
of the scale factor in the metric tensor at t = 0 and α, β are integration constants.
Absence of growing solutions means that for large times t which correspond to small
arguments of the Bessel functions both branches with coefficients α and β at most freeze
to constants or have non-growing oscillations. This results in the demand that both
functions in the solution grow at most as e3Ht/2. Series expansion of Bessel functions
with index ρ near the origin tells

(13) Jρ(x) ∼ xρ, Yρ ∼ x−ρ

and it follows from here that we are good to go if Re(ρ) ≤ 3H/2. Upon some algebra
one can figure out that this corresponds to

(14) (Im(m2
k))

2 < 9H2Re(m2
k).

This selects the interior of a parabola-shaped domain on the complex plane. All so-
lutions in (10) must satisfy this condition. This condition prompts for a careful choice
of an entire function in the exponent of the infinite-derivative operator and we see that
a simple choice of a polynomial does not fulfill the formulated requirement. However,
known facts in the complex analysis do not impose any restriction to have such a func-
tion and one can try to obtain the desired behavior by combining the Cauchy integral
representation for holomorphic functions and the Weierstrass decomposition valid for
entire functions [30]. In particular one can deduce the following sufficient condition on
the entire function in the exponent of the infinite derivative operator: the absolute value
of this function should grow to infinity only along the positive real ray and be bounded
in any other direction.

Turning to a usually more simple Minkowski background we see that there is no way
out of ghosts. H effectively goes to zero and solutions simply become

(15) φ = φ0+e
imkt + φ0−e

−imkt

meaning that as long as there is an imaginary part in mk one readily has exponentially
growing solutions. One can boldly say that non-locality forbids pure Minkowski space
and advocates any non-zero cosmological constant.

An interpretation of these new fields is still unclear, while there are several including
reasonably old studies [3, 31] claiming that they do not spoil unitarity at least at scales
below the scale of higher-derivative modification M. Another approach designates such
fields as totally virtual degrees of freedom and a term fakeon is used with respect to such
excitations [12] especially in describing certain aspects of Lee-Wick type models.

What is important to the currently ongoing study of the infinite-derivative gravity [17],
this problem is there as well. Let us recall the logic of the non-local gravity: adding
higher curvature terms to the Einstein gravity action is not forbidden but generically
creates ghosts; however, due to the success of the findings by Stelle we see that the
curvature squared gravity is renormalizable; it is however non-unitary due to a ghost
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and an attempt to cure the issue adding any arbitrary terms shows that only infinite
number of derivatives can be combined in a ghost-free Lagrangian.

Now the general problem gets a new turn. Suppose we fix our gravitational La-
grangian, assuming it is a fundamental theory. Then the only a single chosen gravita-
tional background can be made ghost free. Even though we just have seen that one can
contain ghosts in some sense around de Sitter space, other backgrounds were not studied
yet.

As the only resolution of this puzzle to the moment we leave it for future study.
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