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Summary. — The isospin dependence of in-medium nuclear effective interactions
is a fundamental issue in nuclear physics and has broad ramifications in astrophysics.
Its uncertainties, especially the difference of neutron-proton interactions in the isos-
inglet and isotriplet channels, affect significantly the density and momentum de-
pendence of the isovector single-nucleon potential and nucleon-nucleon short-range
correlation in neutron-rich matter. Consequently, the neutron-proton effective mass
splitting and the density dependence of nuclear symmetry energy are still rather
uncertain. Heavy-ion reactions, especially those involving rare isotopes, are a use-
ful tool for probing the isospin dependence of nuclear effective interactions through
1) the neutron-skin in coordinate and proton-skin in momentum of the initial state of
colliding nuclei, 2) the density and momentum dependence of especially the isovector
nuclear mean-field as well as 3) the isospin dependence of in-medium nucleon-nucleon
cross sections. Observations of neutron stars especially since GW1710817 have also
helped us significantly in understanding the isospin dependence of nuclear effective
interactions. We summarize here a review talk on these issues given at the 2021
International Workshop on multi-facets of EOS and Clustering. For details we refer
the readers to the original publications and references therein.
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1. – The isospin-dependence of nuclear effective interactions and its ramifi-
cations on the EOS of neutron-rich matter

The isospin degree of freedom and nuclear Equation of State (EOS) affect heavy-ion
reactions at low-intermediate energies through both the in-medium nucleon-nucleon (NN)
cross sections σ∗

NN and the single-nucleon potential Uτ (k, ρ, δ). The latter for a nucleon
(τ3 = ±1 for neutrons/protons) of momentum k in neutron-rich matter of density ρ and
isospin asymmetry δ = (ρn − ρp)/ρ can be written as [1]

(1) Uτ (k, ρ, δ) = U0(k, ρ)+τ3Usym,1(k, ρ) ·δ+Usym,2(k, ρ) ·δ2+τ3Usym,3(k, ρ) ·δ3+O(δ4)

in terms of the isoscalar U0(k, ρ) and Usym,2(k, ρ) as well as the isovector Usym,1(k, ρ) and
Usym,3(k, ρ) potentials, respectively. While the energy per nucleon E(ρ, δ) in neutron-
rich matter can be approximated as a parabolic function of δ as E(ρ, δ) = E0(ρ) +
Esym,2(ρ)δ

2+O(δ4) in terms of the energy per nucleon E0(ρ) ≡ E(ρ, δ = 0) in symmetric
nuclear matter (SNM) and the isospin-quadratic symmetry energy Esym,2(ρ) (denoted
often by Esym(ρ) or S in the literature). The latter can be evaluated approximately from

Esym(ρ) ≡ Esym,2(ρ) ≡ 1
2
∂2E(ρ,δ)

∂δ2

∣∣∣
δ=0

≈ E(ρ, 1)−E(ρ, 0). In terms of the components of

the nucleon potentials, the symmetry energy can be written as [2, 3]

(2) Esym(ρ) =
k2F

6m∗
0(ρ, kF)

+
1

2
Usym,1(ρ, kF),

where kF = (3π2ρ/2)1/3 is the nucleon Fermi momentum and m∗
0/m = (1 +

m
�2kF

∂U0/∂k)
−1|kF

is the nucleon isoscalar effective mass of nucleons with a free mass m.

In terms of the m∗
0, according to the Hugenholtz-Van Hove (HVH) theorem, the slope

L(ρ) ≡ 3ρ
dEsym

dρ of the symmetry energy at an arbitrary density ρ is given by [3, 4]

(3)

L(ρ) =
2

3
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2m∗
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1

6

(
�
2k3
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0
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)
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+
∂Usym,1

∂k
|kF

kF + 3Usym,2(ρ, kF ).

The single-nucleon potential of eq. (1) is a basic input in nuclear reaction models, e.g.,
various transport models for heavy-ion reactions. The above non-relativistic decomposi-
tions of both the symmetry energy Esym(ρ) and its slope L(ρ) in terms of the density and
momentum dependences of the isoscalar and isovector single-nucleon potentials clearly
reveal the underlying microscopic physics. The latter can be probed by using nuclear
reactions at low-intermediate energies, especially those involving rare isotopes at radioac-
tive beam facilities around the world.

While the detailed density and momentum dependences of the single-nucleon potential
in neutron-rich matter can be studied consistently in microscopic nuclear many-body
theories, see, e.g., ref. [5], to see the fundamental physics behind the Usym,1(ρ, k), it is
educational to simply look at its Hartree (direct) term at kF in the interacting Fermi gas
model [6], namely, Usym,1(kF , ρ) = ρ

4

∫
[VT1 · fT1(rij) − VT0 · fT0(rij)]d

3rij in terms of
the isosinglet (T = 0) and isotriplet (T = 1) NN interactions VT0(rij) and VT1(rij), as
well as the corresponding NN correlation functions fT0(rij) and fT1(rij), respectively.
While Vnn = Vpp = Vnp in the T = 1 channel due to the charge independence of
NN interactions, the Vnp interactions and the associated NN correlations in the T = 1
and T = 0 channels are not the same due to the isospin dependence of the strong
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interactions. For example, it is well known that the tensor force and the resulting short-
range correlation (SRC) in the T = 0 channel is much stronger than that in the T = 1
channel. However, several features of the SRC, such as its strength, the shape of the
resulting high-momentum nucleon distributions in cold nuclear matter as well as their
isospin and density dependence, are still poorly known. Obviously, these uncertainties
will affect the density and momentum dependences of the single-nucleon potential, and
thus the corresponding density dependence of the symmetry energy and the neutron-
proton effective mass splitting. For a recent review on these issues, see, e.g., ref. [7].

2. – Probing the isospin-dependence of nuclear effective interactions by com-
bining multi-messengers from neutron star observations and nuclear reac-
tion experiments

Many studies in the literature over the last two decades have consistently shown that
some observables of neutron stars and heavy-ion reactions bear clear signatures of the
single-nucleon potential Uτ (k, ρ, δ) as well as the corresponding symmetric nuclear matter
(SNM) EOS E0(ρ) and the symmetry energy Esym(ρ). To see intuitively, for example,
how the latter can be extracted from combining information from both astrophysical
observations and terrestrial nuclear experiments, we note that [8] Esym(ρ) ≈ Esym(ρi) +∫ ρ

ρi

PPNM(ρv)−PSNM(ρv)
ρ2
v

dρv where ρi is a reference density. The pressure PSNM in SNM over

a broad density range has been extracted from terrestrial nuclear reaction experiments [9],
while recent observations of neutron stars through multi-messengers have provided more
information about the nuclear pressure in neutron-rich matter towards pure neutron
matter (PNM) [10, 11]. In the following, we present a few examples illustrating what
we have recently learned from nuclear reactions and neutron stars about the isospin
dependence of nuclear effective interactions in neutron-rich matter.

2
.
1. Example 1: neutron-proton effective mass splitting in neutron-rich matter . – The

momentum dependence of the single-nucleon potential is normally characterized by the
nucleon effective masses M∗

N . The study on the effective masses of neutrons and protons
in neutron-rich matter has a long history, while many interesting issues remain to be
resolved. In particular, due to our poor knowledge about the momentum dependence
of isovector interaction, the isovector nucleon effective mass normally measured using
the effective mass splitting m∗

n−p(ρ, δ) ≡ (m∗
n −m∗

p)/m of neutrons and protons at the
Fermi momentum KF has not been well constrained. The m∗

n−p(ρ, δ) can be written

as [7] m∗
n−p(ρ, δ) ≈ 2δ m

kF
[−dUsym,1

dk − kF

3
d2U0

dk2 + 1
3
dU0

dk ]kF
(
m∗

0

m )2. At saturation density, it is

related to the Esym(ρ0) and L(ρ0) via [12]

(4) m∗
n−p(ρ0, δ) ≈ δ · 3Esym(ρ0)− L(ρ0)− 3−1(m/m∗

0)EF(ρ0)

EF(ρ0) (m/m∗
0)

2 .

Therefore, the m∗
n is equal to, larger or smaller than the m∗

p depending on the symmetry
energy and its slope. For example, with the empirical values of Esym(ρ0) = 31MeV,
m∗

0/m = 0.7 and EF(ρ0) = 36MeV, a positive m∗
n−p(ρ0, δ) implies that the slope L

should be less than 76MeV. Interestingly, as we shall show in the next example, most
of the extracted values of L(ρ0) from both terrestrial experiments and astrophysical
observations satisfy this condition.
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Fig. 1. – A survey of neutron-proton effective mass splitting at ρ0 from analyzing nuclear reaction
and structure experiments in comparison with the latest chiral effective field theory prediction
(its 68% confidence range is indicated by the horizontal violet lines).

The nuclear physics community has devoted significant efforts to constraining the
m∗

n−p(ρ, δ) especially at the saturation density ρ0. Shown in fig. 1 is a survey ofm∗
n−p/δ at

ρ0. While there have been many, sometimes controversial, predictions on the m∗
n−p(ρ, δ)

using various nuclear many-body theories and interactions, only the latest prediction
based on the many-body perturbation theory using chiral effective forces (χEFT+MBPT)
by Whitehead et al. [13,14] is shown for a comparison. It is seen that most of the results
from the indicated analyses are consistent with the χEFT + MBPT prediction within
their 68% error bars. In particular, all earlier analyses of nucleon-nucleus scattering
data [15-17], the analysis based on the HVH theorem using the 2013 systematics of nu-
clear symmetry energy [12] as well as both the static and dynamical model analyses
of the isoscalar and isovector giant resonances and the electrical dipole polarizability
of 208Pb [18-21] surely indicate a positive m∗

n−p(ρ0, δ). We notice that the four open
squares are from using the same data set but different approaches. They give qualita-
tively consistent but quantitatively appreciably different m∗

n−p(ρ0, δ) values. One inter-
esting exception is the result of m∗

n−p(ρ0, δ) = (−0.05± 0.09)δ from a Bayesian analysis
of the neutron/proton spectrum ratios in several Sn + Sn reactions at 120MeV/nucleon
at NSCL/MSU using an ImQMD transport model for nuclear reactions with Skyrme
forces [22]. A negative m∗

n−p(ρ0, δ) implies a characteristically different momentum de-
pendence of the nucleon isovector potential inconsistent with the findings from optical
model analyses of existing nucleon-nucleus scattering data [7].

It is useful to note that heavy-ion reactions probe nucleon effective masses over a wide
density range, while nucleon-nucleus scatterings and/or giant resonances only probe those
around ρ0. The significant discrepancies between the results from analyzing the heavy-
ion reaction data and those from other types of data present an interesting challenge.
More studies especially with high energy radioactive beams may help address this is-
sue. As an example, shown on the left in fig. 2, are the correlation between the average
nucleon effective mass and the average nucleon density (top), and the distribution of
nucleon effective masses (bottom) at 10 fm/c in the reaction of 132Sn+124Sn at a beam
energy of 50MeV/A and an impact parameter of 5 fm [23] within the IBUU transport
model with a modified Gogny Hartree-Fock potential [24], while on the right are the cor-
relations between the isospin asymmetries and densities in central 132Sn+124Sn collision
at 400MeV/A and neutron stars at β-equilibrium (inset) using the symmetry energy
functionals shown in the upper-right frame [25]. It is seen that during a typical heavy-
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Fig. 2. – Left: the correlation between the average nucleon effective mass and the average
nucleon density (top), and the distribution of nucleon effective masses (bottom) in the reac-
tion of 132Sn+124Sn at 10 fm/c with a beam energy of 50MeV/A and an impact parame-
ter of 5 fm [23]. Right: the correlation between the isospin asymmetry and density during
132Sn+124Sn collisions at 20 fm/c with a beam energy of 400MeV/A and an impact parameter
of 1 fm and in the core of neutron stars at β-equilibrium (inset) [25].

ion reaction, the nucleon effective masses and the neutron-proton effective mass splitting
depend on the density, and the matter formed can have various densities and isospin
asymmetries depending on the symmetry energy functional used.

A number of observables of heavy-ion reactions have been proposed as promising
messengers of the underlying momentum dependence of the isovector potential and the
corresponding m∗

n−p(ρ, δ) [26]. The reason is easily understandable. For example, the in-
medium NN cross section σ∗

NN is proportional to the square of the reduced effective mass
of the two colliding nucleons. It will then affect the nuclear stopping power or the nucleon
mean free path (MFP) λ−1

p = ρpσ
∗
pp + ρnσ

∗
pn and λ−1

n = ρnσ
∗
nn + ρpσ

∗
np. In terms of the

nucleon effective k-mass M∗,k
J , the nucleon MFP is given by [27] λJ = kJR/(2M

∗,k
J |WJ |)

where kJR = [2M(E−UJ )]
1/2, UJ/WJ is the real/imaginary part of the nucleon J’s optical

potential. Currently, no consensus on the m∗
n−p(ρ, δ) has been reached from studying

heavy-ion collisions as there are still large model dependences in both the transport
models and the input single-nucleon potentials. Nevertheless, it is encouraging to note
that significant community efforts are being devoted to improving the situation [28].
There are also strong experimental efforts to measure nuclear stopping powers and infer
the underlying in-medium NN cross sections in neutron-rich matter, see, e.g., ref. [29].

2
.
2. Example 2: Progress in constraining nuclear symmetry energy around (1− 2)ρ0.

– Much efforts have been made during the last two decades in constraining the Esym(ρ).
The latter can be characterized by its slope parameter L, curvature parameter Ksym

and skewness parameter Jsym at ρ0 according to Esym(ρ) ≈ Esym(ρ0) + L(ρ−ρ0

3ρ0
) +

Ksym

2 (ρ−ρ0

3ρ0
)2 +

Jsym

6 (ρ−ρ0

3ρ0
)3. Significant progresses have been made in constraining the

L and Ksym parameters using data from both terrestrial experiments and astrophysics
observations, while the Jsym characterizing the stiffness of Esym(ρ) around (2–3)ρ0 re-
mains unconstrained [11]. Shown in fig. 3 are the slope parameter L (left) and curvature
parameter Ksym (right) from analyses of neutron star observables since GW170817 in
comparison with the indicated earlier systematics. A complete list of the individual
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Fig. 3. – The slope parameter L (left) and curvature parameter Ksym (right) of Esym(ρ) at ρ0
from analyses of neutron star observables since GW170817 in comparison with the indicated
earlier systematics. A complete list of individual analyses is given in ref. [11] where these plots
are taken from.

analyses is given in ref. [11]. It is seen that the new analyses of neutron star observables
gave L ≈ 57.7± 19MeV and Ksym ≈ −107± 88MeV in very good agreement with their
systematics from earlier analyses. We notice that the extracted most probable L value
from neutron star observables prefer a positive neutron-proton effective mass splitting
according to eq. (4).

Recent neutron star observations have also led to some progresses in constraining
the symmetry energy at suprasaturation densities. Shown on the left side of fig. 4
is a summary of symmetry energy at 2ρ0 from eleven analyses of heavy-ion reactions
and neutron star properties in the literature. These analyses gave a mean value of
Esym(2ρ0) ≈ 51 ± 13MeV at 68% confidence level as indicated by the green line. Ob-
viously, more works are necessary to reduce the error bars. Most of the neutron star
constraints are extracted from the radii and tidal deformations of canonical neutron
stars. These observables are known to be sensitive mostly to pressures around (1–2)ρ0
in neutron stars. Their constraints on the Esym(ρ) around and above 2ρ0 are thus not
so strong. Observables from more massive neutron stars were expected to place stronger
constraints. To see how the NICER + XMM-Newton’s simultaneous measurements of
both the radius and mass of PSR J0740 + 6620 can help constrain the symmetry energy
at densities above 2ρ0, shown in the upper-right is the extracted lower limits of Esym(ρ)
when only the mass is observed (green line) or both the mass and radius are observed
(red using the radius reported by Riley et al. [30] and blue using the radius reported
by Miller et al. [31]) from directly inverting the TOV equation within a 3-dimensional
high-density EOS parameter space [32]. While the orange line is the upper limit of sym-
metry energy from analyzing the upper limit of tidal deformation of GW170817. The
lower-right window shows the corresponding proton fractions in PSR J0740+ 6620. The
constraining power of knowing both the mass and radius of this currently known most
massive neutron star is clearly seen by comparing the green line with the red or blue
line. While the difference between the red and blue lines indicates the systematic error
from the two independent analyses of the same observational data. Overall, while tighter
constraints on the Esym(ρ) around (2–3)ρ0 have been obtained, there is still a strong
need for better constraining the Esym(ρ) at densities around and above 2ρ0 as indicated
by the big gaps between the inferred upper and lower limits of Esym(ρ).

2
.
3. Example 3: The incompressibility, skewness and kurtosis of SNM EOS . – The

stiffness of SNM EOS can be characterized by its incompressibility K0, skewness J0 and
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Fig. 4. – Left: a survey of nuclear symmetry energy from heavy-ion reactions and neutron
stars, taken from ref. [11]. Right: constraints on the high-density symmetry energy and proton
fraction using data from GW170817 and NICER+XMM-Newton’s joint measurements of mass
and radius for PSR J0740 + 6620, taken from ref. [32].

kurtosis Z0 parameters according to E0(ρ) ≈ E0(ρ0)+
K0

2 (ρ−ρ0

3ρ0
)2+ J0

6 (ρ−ρ0

3ρ0
)3+Z0

24 (
ρ−ρ0

3ρ0
)4

with E0(ρ0) = −15.9MeV. The corresponding pressure can be readily obtained from

P (ρ) = ρ2 dE0(ρ)
dρ . While the K0 has been constrained to the range of 220 to 260MeV

according to various analyses of giant monopole resonances since about 1980 [33,34], the
J0 and Z0 characterizing the stiffness of SNM EOS at super-saturation densities were only
known roughly until very recently to be around −200± 200 and −146± 1728MeV [35],
respectively, mostly due to our poor knowledge about the three-body force in dense
matter.

Interestingly, some improvements were obtained very recently by a Bayesian calibra-
tion of the SNM EOS [36] by using the constraining bands on the pressure in cold SNM
in the density range of 1.3ρ0 to 4.5ρ0 from transport model analyses of kaon production
and nuclear collective flow in relativistic heavy-ion collisions [9]. As shown in fig. 5,
assuming K0, J0 and Z0 all have Gaussian priors centered around 235± 30, −200± 200
and −146±1728MeV, respectively, the posterior most probable values of J0 and Z0 were
found to be J0 = −240+110

−120 MeV and Z0 = 250+300
−250 MeV, respectively, at 68% confidence

level. Their uncertainties are significantly smaller than their prior values. Interestingly,
the inferred posterior PDF (probability distribution function) of K0 peaks at 192MeV,
indicating that the flow data prefers a K0 significantly smaller than its fiducial value from
analyses of giant resonances. Moreover, it was found that the posterior PDFs depend
somewhat on the prior PDF used for the K0. For example, shown in the right window of
fig. 5 are the posterior PDFs of K0, J0 and Z0 obtained by using a uniform prior for K0

in 220–260MeV while the prior PDFs for others are kept the same. Now, the posterior
PDF of K0 peaks at the lower boundary of its prior range, indicating again that the
flow data prefers a smaller K0 and the prior knowledge on K0 from giant resonances is
not sufficiently constraining. These results clearly indicate the need for more stringent
constraints on the K0 before tighter constraints on the J0 and Z0 can be obtained.

Partially due to the reasons mentioned above, some efforts have been recently made to
infer the K0 from the available world data of giant resonances in new ways significantly
different from the traditional “consensus approach” (i.e., the model must first reproduce
all giant resonances and also other observables for finite nuclei before using it to predict
the K0 for SNM). One such effort is the simultaneous inference of both the K0 and
Kτ involved in the leptodermous expansion [33] of the incompressibility of finite nuclei
KA ≈ K0(1 + cA−1/3) + Kτδ

2 + KCouZ
2A−4/3 in a differential approach [37]. It uses
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Fig. 5. – Left: the posterior PDFs for K0, J0 and Z0 and their correlations obtained from the
Bayesian analyses of the constraining bands on the SNM pressure using Gaussian priors. Right:
using the uniform prior for K0 in 220–260MeV. Taken from ref. [36].

the experimental KA values from RCNP for any two pairs in a given chain of isotopes.
Shown in the left window of fig. 6 are the K0 and Kτ as functions of the difference
(δ2 − δ1) in isospin asymmetries of the isotope pairs used. The approach is not good
for light nuclei for which the leptodermous expansion is less valid. While the inferred
K0 values from medium-heavy nuclei are well within the uncertainty range of its fiducial
value, the inferred Kτ is much more precise than previously known [34]. It was also
shown that the nuclear pairs with the largest separations in their isospin asymmetries
give the most precise results. Another approach is the Bayesian inference using the
SHF+RPA approach [38]. Compared to the traditional forward-modeling, this approach
gives a more precisely quantified uncertainty estimation. Among the results shown in
the right window of fig. 6, the posterior PDFs of K0 from using the giant resonance data
from RCNP for 208Pb is consistent with that from the differential approach shown on
the left. Moreover, the slightly smaller K0 values from analyzing the Sn data using both
approaches are also consistent. However, considering the systematic errors from using
the data from different laboratories and/or different nuclei, the K0 values from these two
new approaches are consistent but not more precise than its fiducial value. Thus, we
have to work harder!

Fig. 6. – Left: K0 and Kτ from a differential analysis of giant resonance data taken at RCNP,
taken from ref. [37]. Right: the posterior PDF of K0 from a Bayesian analysis of giant resonance
data, taken from ref. [38].
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In summary, various isospin and EOS effects in nuclear reactions and properties of
neutron stars enabled us to explore the isospin dependence of in-medium nuclear ef-
fective interactions. While significant progresses have been made by the community in
constraining both the SNM EOS and nuclear symmetry energy below about 2ρ0, many
interesting and challenging questions remain to be resolved.
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[34] Garg U. and Colò G., Prog. Part. Nucl. Phys., 101 (2018) 55.
[35] Margueron J., Hoffmann C. R. and Gulminelli F., Phys. Rev. C, 97 (2018) 025805;

97 (2018) 025806.
[36] Xie W. J. and Li B. A., J. Phys. G: Nucl. Part. Phys., 48 (2021) 025110.
[37] Li B. A. and Xie W. J., Phys. Rev. C, 104 (2021) 034610.
[38] Xu J., Zhang Z. and Li B. A., Phys. Rev. C, 104 (2021) 054324.


