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Summary. — Hadronic spectral densities play a pivotal role in particle physics,
a prime example being the R-ratio defined from electron-positron scattering into
hadrons. To predict them from first principles using Lattice QCD, we face a numer-
ically ill-posed inverse problem, due to the Euclidean signature adopted in practical
simulations. Here we present a recent numerical analysis of the vector isovector
spectral density extracted using the multi-level algorithm (recently extended also to
the case of dynamical fermions) and discuss its implications.

1. — Introduction and motivations

Hadronic spectral densities are directly involved in the computation of many physi-
cally relevant quantities, e.g., the anomalous magnetic moment of the muon [1] or the
Vep element of the CKM matrix [2,3]. Lattice QCD provides a framework for their
non-perturbative prediction from first principles, with simulations on a discretized, finite
lattice with Euclidean metric. Spectral densities p(E) are related to correlation functions
C(t) along the Euclidean time axis ¢ as

(1) C(t) = /OC dE p(E)bi(E), b(E)=e¢""® 0<FEy< Eur,

Ey

for theories with a mass gap Einy > 0. To reconstruct p from measurements of C, the
textbook Bromwich integral in the complex plane to solve the inverse Laplace transform
is impractical due to the (discrete) Euclidean times at which C' is known in lattice cal-
culations. In this work, we modify the Backus-Gilbert original method [4-6], focusing on
identifying the ideal balance between statistical and systematic errors in the reconstruc-
tion. Additionally, we present preliminary results for the isovector vector spectral density
smeared with a Gaussian kernel with width ¢ = M., obtained from the corresponding
Euclidean correlators estimated with high accuracy in ref. [7] using the multi-level al-
gorithm. The calculation is performed at a single lattice spacing with two degenerate
dynamical fermions, tuned such that M, ~ 270 MeV.

2. — The inverse problem

The extraction of smeared spectral densities from lattice correlation functions in
eq. (1) can involve different correlator-dependent choices of basis functions b.(E). In
our case, C(t) is the zero-momentum two-point function of two isovector vector currents

(*) Speaker.
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and by (E) = E? (e7'F + e~ (T=YF) with T the extent of the time direction along which
we impose (anti-)periodic boundary conditions for bosons (fermions). We are interested
in extracting smeared spectral densities(!)

o0
1 2 2
2 o (E. :/ dE p(E)S,(E,E,), with 6,(E,E,) = e~ (BE-E.)" /207
2)  po(Ey) . p(E)os(E, E.) (B, B.) = =

such that, as 0 — 0, 0, (F, E,.) — 6(E — E,) and we recover p,(F.) — p(E.). The kernel
0, is approximated with the basis functions as

t]nax _
(3) > (E)u(E) = 0,(E, E.) ~ 56(E, E.),

t=tmin

where we usually consider ¢,,;, = a and require ty,.x < 7/2, so that

tmax

0 S COE) = [ AB BB, E) = polB) = po(E.).

Eq

t=tmin

The computation of the coefficients {g;(E.)};=3* is done by minimizing the error func-
tional

(5) W[g] = /EOQ dE [(50(E,E*) - SJ(EaE*)]z + ilf gt(E*)Btrgr(E*)a

where the first term measures the systematic error on the kernel reconstruction and
the second one acts as a regulator in the sense explained below. We obtain g;(E,) =
(WL f(E.)],, where

6) W=A+DB, AtT:/OOdEbt(E)bT(E), ft(E*):/OodEbt(E)cSU(E,E*).
Ey Eo

By setting B = 0, the coefficients are expressed in terms of A~!, where A, for the choice
bi(E) = e7tF is a Cauchy matrix directly related to the Hilbert matrix, a notably ill-
conditioned matrix. It is well known, see e.g., ref. [6], that this results in large oscillations
in g;(E,), and statistical fluctuations on C(¢) then induce large statistical errors on pj,.
This is a manifestation of the ill-posed nature of the inverse Laplace transform applied
to a finite set of discrete data with statistical error, the case of Lattice QCD. In order
to mitigate this problem, we may regularize the near-zero eigenvalues of A by setting
B # 0, adding yet another source of systematic error, besides the one due to t;.x < 0.
In [5,6] it was proposed to consider B to be proportional to the covariance matrix of
data Cov. In principle, other types of regularizations that do not depend on data can be
employed, e.g., we can consider B = A1 (Tikhonov regularization) or By, = e~ M5,
where \,aM € [0,00), so that B — A1 for aM — 0, and B — 0 for aM — oco. In
fig. 1(a) we show how the (relative) systematic error on the kernel reconstruction

Sy AB [0, (B, Ba) =0 (B, B 550, fi( o)A o fr(E)

(7) AU(E*) = IEOZ dEég(E,E*)Q fEO: dE(Sg(E7E*)2

(*) Lattice calculations are performed in a finite box and we expect finite-volume effects to be
of O(e™?%) for ¢ < M, [8]. Therefore, a non-zero smearing width is expected to be beneficial.
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Fig. 1. — (a) Relative systematic error on the kernel reconstruction A, (FE.), see eq. (7). (b)
Statistical errors on po(Ex) at A«: ofyar (A, Ex) = 0.02 V E, for n1 = 1, 10.

decreases as we increase tyax Or remove the regulator B. On the other hand, B is needed
to regularize A, taming the statistical fluctuations on p,, an effect that is evident in
fig. 2(a). The regulator parameter A should then be tuned in order to minimize the
statistical fluctuations og,¢ Wwhile controlling the systematic errors ogyst on p,, where we
define

tmax

(8) USQtat()‘vE*) = Z gt(E*)Covtrgr(E*)v Usyst()\vE*) = |pU(E*) - ﬁa(E*)‘

t,r=tmin

Since we do not have access to the true value p,, different estimates of oy can be given,
see e.g., in refs. [6,9]. Here we use the following definition:

= o (\, Bu),

syst

6M .
) Oue N EL) < pa / dE |6,(E, E.) - 5, (E, E.)
2

™

which is an upper bound on the systematic error for p, at small energies, if p(E) > 0
VE and p(E) < ppmar = maxg p(E) VE € [2M,,6M,]; preliminary results with A tuned
so that ostat (A, Bx) = ogyar (s, Ex) are presented in sect. 3. A proper analysis without
the restriction of the integral in eq. (9) to 6M, is ongoing. A different strategy that is
currently being explored consists in estimating

(10) po(B) = a(B) = [ AE [02(B,E) - 3,(5. )] o) =
" ABSO(E, E.)o(E),
Ey

by means of a second reconstruction with the smearing kernel 55 (E,E,).

3. — Multi-level algorithm and spectral densities

In this section, we present preliminary numerical results for the extraction of smeared
spectral densities from lattice correlation functions measured with the multi-level al-
gorithm. In lattice calculations, many physically relevant observables suffer from an
exponentially decreasing signal-to-noise ratio (StN) [10]. If the action and the observ-
able dependence on the field variables can be factorized, e.g., in two local domains as
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(a) Tuning of A (b) ps
Fig. 2. — Reconstruction of ps(Ex) at n1 = 1,10, tuning A : ostat (A, Ex) = ogyar (A, Bx) V Ex.

in [7,11-13], we can alternate ng independent global (level-0) updates of the field con-
figuration with n; (level-1) updates of the local regions only. Combining configurations
from different local domains results in an exponential gain in the StN:

C(t)

~(M,~2M)t.
Ostat (t)

xng-nie

(11)

The factorization is straightforward for pure gauge theories [14], and tremendous the-
oretical and numerical progress has been recently made for theories with dynamical
fermions [11-17].

The configurations were generated in ref. [7] for Ny = 2 dynamical O(a)-improved
Wilson fermions on a 96 x 483 lattice with spacing a = 0.065 fm and pion mass M, ~ 270
MeV, so that M, L ~ 4.3. The local, unimproved discretization of the vector current was
used, with the value of the renormalization factor Zy at 8 = 5.3 taken from ref. [18].

First, we study the extraction of p,(FE.) at a fixed value of oist = 0.02 V E, by
tuning A accordingly. In fig. 1(b) we show the statistical errors for ny = 1 and n; = 10
with a Gaussian kernel of width ¢ = M, ~ 270 MeV and a regulator of the form
By = e 2M=t§, . At a number of configurations which is n; = 10 times larger, at all
energies we achieve a gain in the statistical errors of p,(F.) which ranges between 25
and 50. The difference from the ideal n? = 100 scaling was already observed in ref. [7]
for the variance of C(t) and is compatible with the presence of a residual correlation
among level-1 configurations. Thus, at fixed systematic error, the multi-level scaling
of the statistical error proves to be advantageous when compared to classical, one-level
(nq = 1) algorithms at the energies we probe. From the same figure we note that, in order
to minimize the statistical fluctuations while keeping the systematic errors under control
across all energy levels, we should increase or decrease A\ at lower or higher energies,
respectively.

Following this last observation, in fig. 2(a) we tune A so that ogpat(As, Ex) =
agﬁf()\*,E*) for a chosen F,. We note that n; = 1 data require a larger value of ),
thus increasing the overall error. By repeating this tuning for a wider energy range, from
our best data-set at ny = 10 we obtain the preliminary results shown in fig. 2(b) for
the noticeably small value of the kernel width ¢ = M, ~ 270 MeV. Similarly to other
studies [6,9], we observe an increase of the statistical error with the energy, but with our
multi-level data we observe the presence of a peak, which we fit with a (smeared) Breit-
Wigner ansatz; our preliminary results are compatible with the presence of a resonance
but further refinements are needed to overcome the present limitations of eq. (9) and
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to assess remaining systematic effects, including, e.g., the dependence on the unphysical
pion mass.

4. — Conclusions and outlook

The multi-level sampling strategy has proved to be effective for the reconstruction of
smeared hadronic spectral densities at the energies that we probed. A detailed study
of the scaling properties of the error of p, and the study of other channels, such as the
isovector axial and isoscalar vector channels, is deferred to future publications. Here
we presented some preliminary results with a conservative estimate of the systematic
error (especially at lower energies), showing promising results for p, with a kernel width
o = M,. Great effort is underway to improve the definition and understanding of the sys-
tematic uncertainties associated to the extraction of smeared spectral densities. Besides
the statistical and systematic errors examined here, finite-volume [8] and discretization
effects will have to be taken into account as well. Finally we remark, as described in
ref. [19], that at physical M, one can directly compare Lattice QCD results for p, with
experimental hadronic spectral densities smeared with the same kernel.
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