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Radiative corrections to di-meson tau decays
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Summary. — We review radiative corrections to tau decays into two mesons
discussing their impact in new physics searches.

1. – Introduction

Radiative corrections are needed to make new physics tests more precise and required
to get the most from experimental data with below percent accuracy.

The tau is the only lepton massive enough to decay into mesons, giving thus access to
CKM unitarity tests (through Vus, or Vus/Vud), in addition to those of lepton universality
and searches for non-standard interactions. One-meson processes depend only on the
corresponding meson decay constant, which is best determined on the lattice (without
any pollution from possible new physics) [1]. Their radiative corrections have been
improved recently [2, 3] (see also [4-6]).

Here we will focus on the radiative corrections to the two-meson tau decays, mostly
following ref. [7] (see also [8], only for the π−π0 case). In the corresponding non-radiative
processes, dispersive form factors matching accurately precise experimental data [1] have
been constructed [9-20] and are a key input in this endeavor. These are the functions
F0,+(t) in eq. (2), carrying spin 0, 1, respectively.

2. – Amplitude

The matrix element for the τ−(P ) → P−
1 (p−)P

0
2 (p0)ντ (q

′)γ(k, ε) reads

M =
eGFV

∗
ud√

2
ε∗μ

[
(V μν −Aμν)ū(q′)γν(1− γ5)u(P )(1)

+
Hν(p−, p0)

k2 − 2k · P ū(q′)γν(1− γ5)(mτ + /P − /k)γμu(P )

]
,

P1,2 being pions, kaons or eta mesons, and the hadron vector defined as

(2) Hν(p−, p0) = CV F+(t)Q
ν + CS

Δ−0

t
qνF0(t),
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with qν = (p− + p0)
ν , t = q2, Qν = (p− − p0)

ν − Δ−0

t qν ,Δ12 = m2
1 − m2

2, and

CV,S is the corresponding Clebsch-Gordan coefficient (CGc), Cπ−π0,K−π0,K̄0π−,K−K0

V,S =

{1, 1/
√
2, 1,−1}. (V,A)μν can be split into their model-dependent and model-

independent parts, with the structure-independent one fulfilling the Low and Burnett-
Kroll theorems. This one yields [21,22] (t′ = (P − q)2)

V μν
SI =

Hν(p− + k, p0)(2p− + k)μ

2k · p− + k2
+

{
−CV F+(t

′)− Δ−0

t′
[CSF0(t

′)− CV F+(t
′)]

}
gμν

(3)

+
Δ−0

tt′

{
2 [CSF0(t

′)− CV F+(t
′)]− CSt

′

k · (p− + p0)
[F0(t

′)− F0(t)]

}
qμqν

− CV
F+(t

′)− F+(t)

k · (p− + p0)
Qνqμ.

The (axial-)vector tensor can be decomposed in terms of four independent Lorentz
structures, whose coefficients are the corresponding form factors ({ai, vi}i=1,...,4) [8].

This hadron input is obtained from Chiral Perturbation Theory [23-25] including reso-
nances [26,27].

3. – Decay rate and spectra

In refs. [7,8] we predict branching ratios and spectra (in Eγ and t) for different cuts on
the photon energy. Although the non-radiative modes are just related by a CGc at low
energies, this is no longer the case including photon corrections. Particularly, a relative
sign in the gμν part in eq. (3) between the K−π0 and K̄0π− is needed to understand
that the latter can have an order of magnitude larger branching ratio than the former
for Ecut

γ ≥ 300 MeV [7].
We emphasize the importance of any measurement of these decays to reduce the

uncertainty on the radiative corrections and therefore increase the reach on new physics
searches (as [8,28] exemplify in the case of the muon g−2 when using the di-pion tau decay
for the corresponding isospin-rotated contribution to its hadronic vacuum polarization
piece).

4. – Radiative corrections

The GEM(t) function encapsulating the long-distance electromagnetic corrections
(from on- and off-shell photons) is defined in the usual way [29],

dΓ

dt

∣∣∣∣∣
PP (γ)

=
G2

F |VuDF+(0)|2 SEWm3
τ

768π3t3

(
1− t

m2
τ

)2

λ1/2(t,m2
−,m

2
0)(4)

×
[
C2

V |F̃+(t)|2
(
1 +

2t

m2
τ

)
λ(t,m2

−,m
2
0) + 3C2

SΔ
2
−0|F̃0(t)|2

]
GEM(t),

where SEW encodes the universal short-distance electroweak corrections [30, 31],
VuD (D = d, s) is the appropriate CKM matrix element and GF is the Fermi constant.
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We also divide GEM(t) into a part including the non-radiative plus the virtual contribu-

tions together with the leading Low approximation, G
(0)
EM(t), and δGEM(t), which has all

remaining pieces.

In fig. 1, we plot the G
(0)
EM(t) function and its non-leading part, δGEM, for the Kπ

tau decay modes. The corresponding plots for the di-pion and di-kaon channels can be
found in refs. [7, 8], respectively. The sizable difference between the results for both Kπ
modes has the same explanation given in sect. 3.

We define the radiative correction δPP
EM by integrating upon the di-meson invariant

mass, to get

(5) ΓPP (γ) =
G2

FSEWm5
τ

96π3
|VuDF+(0)|2 IτPP

(
1 + δPP

EM

)2
,

where the analytical expression for the IτPP integral can be found in [7].
Our main outcomes are

(6)
δK

−π0

EM = −
(
0.009+0.008

−0.118

)
%, δK̄

0π−

EM = −
(
0.166+0.010

−0.122

)
%,

δK
−K0

EM = −
(
0.030+0.026

−0.179

)
%, δπ

−π0

EM = −
(
0.186+0.024

−0.169

)
%,

which agree with previous results [14,32], halving the uncertainty for the Kπ cases (ours

is the first evaluation for the K−K0 channel). δK
−η(′)

is also estimated in [7], based
on the dominant contribution in each channel. Because electromagnetic corrections are

of the same order as G-parity breaking effects, δπ
−η(′)

can only be computed after the

Fig. 1. – Correction factors G
(0)
EM(t) (left) and δGEM(t) (right) to the differential decay rates of

the K−π0 (top) and K̄0π− (bottom) modes.
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leading photonic contributions have been subtracted [22], which goes beyond our scope,
as it would then be a permille effect on the still unmeasured τ− → π−η(′)ντ decays.

5. – Impact on new physics searches

τ− → ūdντ decays can be studied in a generalized Fermi-type theory including
the most general interactions of (pseudo)scalar, (axial-)vector and antisymmetric ten-
sor type [33-45]. Doing this, the new physics scale is restricted (under the weak-coupling
assumption) to be Λ � [2, 4] TeV, depending on the particular channel(s) and observ-
ables analyzed, at 90% C.L., and radiative corrections do not yet affect these limits
significantly [2, 3, 7]. However, they increase the overall agreement with the SM, mostly
through their impact on scalar non-standard interactions. The implications of the radia-
tive corrections to di-meson tau decays in lepton universality [2, 3] and CKM unitarity
tests [14] remain to be studied.

6. – Conclusions

We have first computed the complete radiative corrections to the τ− → (PP ′)−ντ
decays, including the structure-dependent corrections, complying with the constraints
from chiral symmetry at low t and with Low’s and Burnett-Kroll theorems at low Eγ .
Our main results are eqs. (6), complementing previous evaluations for the one-meson
modes by our group [2, 3], enabling more precise new physics searches.
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