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Summary. —

We investigate the Hubble constant tension within f(R) modified gravity in the
Jordan frame, focusing on its application to the dynamics of an isotropic Universe.
A scalar field, non-minimally coupled to the metric, provides an extra degree of
freedom compared to General Relativity. We analyze the impact of such a scalar
field on the cosmic expansion, leading to an effective Hubble constant HSH(Z), de-
pendent on redshift z. We show that our f(R) model might mimic dark energy
and provide an apparent variation of the Hubble constant. Our results align with
recent cosmological data analysis in redshift bins, indicating a decreasing trend of
the Hubble constant. The redshift dependence of Hgﬁ(z) might potentially reconcile
measurements of the Hubble constant from probes at different redshifts.

1. — Introduction

The Hubble constant tension, one of the most significant issues in the era of ‘precision
cosmology’, is referred to the discrepancy between independent measurements of the
Universe’s current expansion rate, the Hubble constant Hy [1-5]. The distance ladder
method, based on direct observations and calibration of Cepheids and Type la supernovae
(SNe Ia), provides a local measurement: HY® = 73.04 +1.04km s~ Mpc™! [6]. On the
other hand, the value inferred from the cosmic microwave background (CMB) radiation
[7] is HSMB = 67.4 £ 0.5,km s~ Mpc™', which is 4.9 o inconsistent with H°°. The
CMB estimate of Hy relies on the ACDM cosmological model, which incorporates the
cosmological constant A and a cold dark matter component [8].
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The expansion rate for the fiducial flat ACDM cosmological model is expressed by
the Hubble function HAPM(2) in the Friedmann equation [8]:

(1) HAPM(y) = Hy EACPM(z)  with  EACPM(z) = \/ Qo (14 2)° +1 = Qo

where €2,,,0 is the present cosmological density parameter of matter. Hence, H is simply a
constant by definition, being the expansion rate evaluated today, i.e. H(z = 0). However,
the Hy tension challenges current cosmological models and may indicate systematic errors
or new physics [9,10].

An interesting and original perspective to test cosmological models is to use an effec-
tive Hubble constant as a diagnostic tool in terms of the redshift z, as explained in [11,12].
Considering the Hubble function H(z) and its reduced version E(z) for a generic cos-
mological model, the ratio H(z)/FE(z) should be exactly the Hubble constant Hy. Here,
H(z) can be obtained from observations, while E(z) is related to the theoretical model
of the cosmic expansion, depending on the Universe content and the considered gravita-
tional theory. However, if data suggest a different cosmic evolution from that predicted
theoretically from E(z), then H(z) and F(z) are no more referred to the same model
and a discrepancy occurs between them: the ratio H(z)/E(z) is no longer constant. In
other words, this ratio inevitably acquires a redshift dependence, resulting in an effective
Hubble constant H(z)/FE(z) = HY(z) # Hy, if we force data analysis to conform to the
prescribed theoretical model that is not the correct one.

In this regard, possible evolving trends of Hy, 2,0, or the marginalized absolute
magnitude of SNe Ia have been recently discussed [13-26]. In particular, two analysis in
redshift bins [16,17] within the ACDM model pointed out an apparent variation of the
Hubble constant as H{'(2) ~ (1 + 2)~® within 2 o confidence level, where a ~ 1072,
Additionally, extrapolating the fitting function HE*(z) up to the redshift of the last
scattering surface, z = 1100, local measurements of Hy were reconciled with the CMB
inferred value in 1 o [16].

Concerning theoretical attempts to accommodate the Hy tension [2], among various
proposals, f(R) modified gravity theories [27-29] are considered promising scenarios due
to an extra degree of freedom with respect to General Relativity (GR), given by a general
function of the Ricci scalar R in the gravitational Lagrangian, or equivalently a non-
minimally coupled scalar field to the metric in the Jordan frame. The presence of this
scalar field implies a variation of the gravitational coupling constant and affects the
cosmological dynamics [19,23,30-33]. For instance, f(R) models might account for the
present cosmic accelerated phase without the dark energy [34,36,37]. However, in [17],
it was shown that the Hu—Sawicki model [34], one of the most robust f(R) models in the
late Universe, was inadequate to produce H§(z).

In this work, reporting the results obtained in [19], we present a f(R) model able
not only to mimic dark energy but also to provide the evolution of an effective Hubble
constant H§(z) with the redshift. In sect. 2, we show that the dynamics of the scalar
field in the Jordan frame can be interpreted as an evolving HS®(z) [19]. In sect. 3, we
present the solution for the scalar field potential, associated with the function f(R), to
produce a decreasing trend for H§¥(z). In sect. 4, we summarize our results.

2. — The non-minimally coupled scalar field and the cosmic expansion

We show that f(R) gravity implemented in a homogeneous and isotropic Universe
might provide the evolution of an effective Hubble constant H§¥(z) [19]. The modified
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Friedmann equation in the equivalent scalar—tensor formalism in the Jordan frame of
f(R) gravity [27-29] for pressure-less dust is written as:

‘ =

_i_i

(2) H? = ;

p V()
oy~ H

ASH RS

)

w
<

where H(t) = % is the Hubble function, a(t) is the scale factor, p(t) is the energy
density of the cosmological matter component, x = 87 G is the Einstein constant, being
G the gravitational constant. Moreover, ' = d/dt and ¢ is the cosmic time. We recall
that, in an isotropic Universe, all the relevant cosmological quantities depend only on
t and not spatial coordinates. We neglect relativistic components in the late Universe,
since radiation is subdominant today. The extra degree of freedom in the Jordan frame
compared to GR is represented by a scalar field ¢ = df/dR, which is non-minimally
coupled to the metric, and whose dynamics is regulated by the potential V' (¢) = ¢ R (¢)—
fIR(¢)]. Note that an effective Einstein constant x/¢ emerges from eq. (2).
Equation (2) can be easily rewritten in terms of the redshift z [19] as

Hy 3
z) = Qo z
@ M= a9 ¢>/<z>\/ e

V[g(2)]
2XPeo

where ¢ = d¢/dz. We used the definition ag/a = 1 + 2z with the present scale factor
ap = 1, and the consequent relation dz/dt = — (1 + z) H (z). We recall that the matter
component evolves like p = pg (1 + z)3 with pg the present energy density of matter.
The present critical energy density of the Universe is p.o = SHS /x and Q.0 = po/peo-
Comparing eq. (3) with HAPM(2) in the flat ACDM model, given by eq. (1), it is clear
that V' (¢) might act as a varying cosmological constant.

Without any loss of generality, we split the potential profile into two parts: V (¢) =
2xpa+9 (@), in which py is the energy density associated with the cosmological constant
in the flat ACDM model. To have a slight deviation from a cosmological constant picture,
we assume that the function |g (¢) | < 2xpa for 0 < z < z*, where z* ~ 0.3 indicates the
equivalence between dark energy and matter, such that €,,0 (1 + z*)3 = Qpg. We recall
that Qa0 = pa/peo = 1 — Qo in a flat Universe. Therefore, neglecting g (¢), eq. (3) can
be rewritten as

(4) H (2) = HE™(2) \/ Qo (14 2)> +1— Qg
where the effective Hubble constant H§T(z) evolves with the redshift [19] according to

Hy
Vo) —(1+2) ¢(z)

(5) Hg(z) ~

H is really constant, while H§(z) admits a redshift evolution due to the non-minimally
coupled scalar field. In particular, to guarantee a decreasing trend of HST with z, we
require the condition ¢ (2) = ¢ (1 4 2)°*, where o > 0 is a constant and ¢g = ¢(z = 0).
Hence, HS®(2) ~ (14 2)™%, according to the fitting function H*(z) adopted in [16,17].
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Finally, we consider H§(z) as a diagnostic tool [11,12], following the discussion in
sect. 1. Focusing on the mismatch between H(z) in the Jordan frame of f(R) gravity
from eq. (3) and the ACDM function EACPM(2) in eq. (1), we end up in

©)  H'() = o My Qo (L+2)" + 555
0 EACPM() — 00— (1t 2) #(2) \ Qo (1 +2)° +1— Qg

which is consistent with eq. (5), as we approximate the potential with its constant term.

3. — Analytical and numerical results

We infer the profile of V(¢) from the full set of field equations in the Jordan frame,
imposing eq. (5) and the form of ¢ (2) = ¢o (1 + 2)20‘. We stress that, in this calculation,
we do not neglect the function g(¢), to check a posteriori the approximation made for
splitting V(¢) at low z. Combining the modified Friedmann equation, the modified
acceleration equation, and the scalar field equation [27-29], after long but straightforward
calculations (see [19] for more details), we obtain a differential equation in V' (¢), and we

report here the analytical solution:
o\
R 1 ’
< %o )

where V' = V/m? is the dimensionless potential with m? = xpo/3 = HZQmo. The
constant V (¢o) = 6 (1 — Qo) /Qmo is set from the condition V (¢g) = 2xpa.

To quantify the slight deviation from GR (¢ = 1), we fix ¢9 = 1 — 10~7 from solar
system and cosmological constraints [34]. Combining eq. (5) with ¢ (2) = ¢¢ (1 + 2)°%,
and imposing that H§® (2 =0) = H}° [6] and H§"(z = 1100) = HSMB [7], we ob-
tam = 1.1 x 1072, which is compatlble in 1 o with the « used in [16], and

H(I)OCN/ (1 —2a). Once Hy is fixed in eq. (5), the consequent relation for matter
is QmO = Xp0/3H0 Ql"%/ [0 (1 — 2a)], in which we set ¢ = 0.298 [35]. In fig. 1, we

(1) V(¢) = V(o) +

6 2+almeoln i +1+2a
1—a o Qo %o 3
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2 o
C
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Fig. 1. — Left panel: evolution of the matter term (black line) with redshift z; contribution of the
potential V (¢) (blue line) able to produce H§(z); the cosmological constant density parameter
is indicated with a brown line. The numerical solution for V (¢) is added with a red line [19].
Right panel: decreasing trend of H§™ with z. The grey vertical line denotes z = z*.
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plot the different terms in the Hubble function (3) evolving with z, considering the matter
V(é) _ VQumo

2Xpeo 6 7
given by eq. (7). For a comparison with the ACDM model, we also plot the cosmological

constant contribution Qg.

To check our initial assumption on a dominant constant term in the potential for
V%mo coincides with Qg for z = 0, while we
estimate a relative difference of 1.6% at z = z*. Hence, % can be regarded as a
slowly varying cosmological constant, which is also responsible for H§(z).

Additionally, we solve numerically the full set of field equations in the Jordan frame of
f(R) gravity without any assumption on the potential profile at low z but only requiring
the presence of Hgﬁ(z). We observe from fig. 1 that analytical and numerical solutions
of V (¢) mostly overlap in the range corresponding to 0 < z < z*.

The right panel in fig. 1 shows the decreasing trend of the effective Hubble constant
Hgﬁ with z. Therefore, H{jﬂ(z) might potentially solve the Hy tension, matching incom-
patible measurements of H°¢ and HMB [16,17,19] at different redshifts.

Finally, we conclude this section by mentioning that, in [19], we compute analytically
the functional form f(R) associated with the potential V (¢) in the low-redshift regime.
In this regard, we expand the solution ¢(z) and the potential V (¢) in eq. (7) for z < 1
(or equivalently ¢ around ¢g) up to the second order. Then, using the field equation
R = dV/d¢ and the relation f(R) = R¢(R) — V [¢(R)] in the Jordan frame of f(R)
gravity, we obtain constant, linear, and quadratic corrections in R and R? as in the
quadratic f(R) gravity [38-40]. See [19] for explicit calculations. Note that the analytical
expression of f(R) obtained in [19] is only an approximated solution valid for z < 1.
Moreover, the ACDM model is recovered for a — 0 and ¢y — 1.

component and the contribution related to the scalar field potential, i.e.

0 < z < z*, we note from fig. 1 that

4. — Conclusions

We studied the Hj tension in f(R) modified gravity in the Jordan frame, focusing
on how the non-minimally coupled scalar field ¢ affects the expansion of an isotropic
Universe. We showed that a varying effective Hubble constant H§T(z) emerges (see
eq. (5)), even though we set the same matter content in the ACDM model.

We determined the profile of the potential V' (¢) [19], which regulates the dynamics of
¢ and allows the presence of H§(z). The potential represents a slowly varying cosmolog-
ical constant (see fig. 1), extending the ACDM paradigm. The resulting f(R) functional
form is computed for z < 1 [19], pointing out a quadratic f(R) model.

Our study successfully addresses two critical aspects simultaneously: firstly, it pro-
poses a f(R) model to provide the cosmic acceleration in the late Universe; secondly, it
introduces an evolving Hubble constant H§¥(z). The possibility to theoretically predict
the power-law behavior of H§"(z) offers an intriguing perspective to validate models via
suitable data analysis toward an effective Hubble constant.

If the variation of H§(2) is sufficiently rapid, we can expect to appreciate the rescaling
of H§(z) within the same population of sources. In particular, this scenario offers a
natural explanation for the fitting function HEt(z), observed in [16,17] via a binned
analysis of the Pantheon sample of SNe Ia [35]. The emergence of a varying effective
Hubble constant from cosmological data analysis is a significant proof that HS™(z) has a
precise physical meaning, related to real measured values of the Hubble constant at the
redshift of a given source. These results and the future increasing quality of statistical
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analysis of SNe Ia should foster the SHOES collaboration to search for a similar feature
in their upgraded samples, overcoming the binning criticism in [41].

We stress that, while the power-law behavior of H§"(z) is a regular smooth decaying,
other models [23,42] provide an effective Hubble constant that reaches rapidly HMP for
z 2 5. In this regard, in the future, the combination of SNe Ia data with other farther
sources, like quasars and gamma-ray bursts, will be crucial to better characterize the
evolution of H§™(2) and shed new light on the H tension [43-45].

This study highlights the need for further investigations, as the redshift approaches
the CMB observations, to determine if H%(z) can adequately solve the Hubble tension.
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