On some mathematical connections between Fermat’s Last Theorem, Modular Functions,
Modular Elliptic Curves and some sector of String Theory 11

Michele Nardelli ">

'Dipartimento di Scienze della Terra — Universita degli Studi di Napoli “Federico II”
Largo S. Marcellino, 10 — 80138 Napoli (Italy)

? Dipartimento di Matematica ed Applicazioni “R. Caccioppoli”
Universita degli Studi di Napoli “Federico II” — Polo delle Scienze e delle Tecnologie
Monte S. Angelo, Via Cintia (Fuorigrotta), 80126 Napoli (Italy)

Abstract

This paper is fundamentally a review, a thesis, of principal results obtained in some sectors of
Number Theory and String Theory of various authoritative theoretical physicists and
mathematicians.

Precisely, we have described some mathematical results regarding the Fermat’s Last Theorem, the
Mellin transform, the Riemann zeta function, the Ramanujan’s modular equations, how primes and
adeles are related to the Riemann zeta functions and the p-adic and adelic string theory.
Furthermore, we show that also the fundamental relationship concerning the Palumbo-Nardelli
model (a general relationship that links bosonic string action and superstring action, i.e. bosonic and
fermionic strings in all natural systems), can be related with some equations regarding the p-adic
(adelic) string sector.

Thence, in conclusion, we have described some new interesting connections that are been obtained
between String Theory and Number Theory, with regard the arguments above mentioned.

Chapter 4.
On p-adic and adelic strings

4.1 Open and closed p-adic strings.

Let us now discuss the question of the construction of a dynamical theory for open and closed p-
adic strings. It was proposed (Volovich, 1987) to consider p-adic generalization of the Veneziano
string amplitude in two ways, according to two equivalent representations

[(a)r(p)
T(a+b)

a-1

1- x|b_1 dx =

A(a,b)zjx (1)

The first way corresponds to an interpretation of the amplitude A(a, b) as a convolution of two
characters and the second one to the p-adic interpolation of the gamma function. Using the first
approach a complex-valued string amplitude over a finite Galois field has been constructed.
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Consideration of string amplitudes as a convolution of characters is a very general concept
applicable to characters on number fields, groups and algebras.
Now, we have the string amplitudes of the following form

Ay )= 7.y (= x)dx, @

where KisafieldF,i.e., K=F, 7, (x) is a multiplicative character on K, and dx is a measure on K.

Note that the range of integration in (2) is over the entire field F, and hence this p-adic
generalization is rather one of the Virasoro-Shapiro amplitude

s

than of the Veneziano amplitude (1), where the integration is over the unit segment on the real axis.

a-1

d7N=-"dz, 3

The equation (3) is just a particular case of (2) for K=C and p, (z)= |z|a_l. The ordinary Veneziano
amplitude can be rewritten in the following way

s

where 6(x) is the characteristic function of the segment [0,1]. In particular, it can be written in

a-1

1= G y(x)dx,  (4)

X

terms of the Heaviside function 0[0’1](x)= 0(x)0(1- x). Hence, in order to have a generalization of

the expression (4) on an arbitrary field F one should have on F an analogue of the Heaviside
function or the function sign x.

We have a generalization of the amplitude (4), in the case of an arbitrary locally compact
disconnected field F, in the following form

a-1

1= G 0dx (5

AT (7,0 7,)=[|x
F

where 49,[0,1](x) is a p-adic generalization of the characteristic function of the segment [0,1] on F

related to a quadratic extension F (\/? ) In particular one can take the function 6, (x) in the form

(7 (x)GT (1-x) where 0. (x) is a p-adic analogue of the Heaviside function.

T
In the ordinary case there is an important relation between amplitudes of the open and the closed
strings. This relation give a connection on the tree level as follows

o= (gl (55) o

where s, t, u are the Mandelstam variables.
Let F in eq. (5) be a non-discrete totally disconnected and locally compact field and define also the
generalized Heaviside function in the form

6.(0)= 1+ sign.@

g 5 (7)



which is an analogue of the ordinary one.
Now we will consider the amplitude (5) with the characteristic function in one of the following
forms:

6,10.)(x)=6,(x)6,(1-x), (8.1)
6,0.1(x) = % (1+ Sign_x- Sign_(1-x)), (8.2)
8,10 (x)= %(slgnﬁslgn (1-x)), (8.3)
8,10 (x)= %(s,gnx Sign (=1)- Sign_(1-x)), 7=¢, (8.4)
6,10.11(x) = %0 Sign_(—1)- Sign_x- Sign_(1- x)). (8.5)

The corresponding amplitudes (5) can be calculated with the help of the general formula

Iz )(x,)

B(n’l’ﬁz): F(ﬂ'ﬂ' )

)

which connects the beta function

B(z.7,)=[7,() 2, —xfl-o 'dx, (10)

F

where 7z(x) is a multiplicative character with the gamma function defined by an additive character
V4

Iz () "dx. a1

Consider now the string amplitudes, constructed over the p-adic fields Q, and their quadratic

p
extension Q, (\/; ), from the point of view of the product formulae (6) which relates amplitudes of
closed and open strings in a very simple form. With regard the case 7 =¢, the closed string
amplitude defined on the quadratically extended field K =Q, (\/E ), has the form

a—1 b-1 c—1
—-q" 1-q" 1-g¢q
= : — —, (12)

I-¢q

—a

Acloaed (a b C) J X 1 _
Je
o) 0,WVe) —q" 1-q

where g = p*. There are no such formulae as simple as (7) for the above constructed open string
amplitudes. However, there exists a formula in the following form

Aclo(b\e/ﬁ)(a b C) Agien,toral (a,b,C)AQp (a,b,C), (13)

I

where

Agpen,n)ml Cl b C
P




is a p-adic analogue of the totally crossing symmetric Veneziano amplitude.
Furthermore, the p-adic generalization of the N-point tree amplitude for vector particles in the
bosonic case, can be proposed in the following form

AlG kG k)= 8" I)f[o,ynl,...,ym](y)F(&k,y) T =y Hﬂyili’k‘ll—yilkzk’dy;)’ (15)

(Q 1-3 3<i<j<n—1 3<i<n—1

where 6’[0!y”71!_'_!y31](y) is a p-adic generalization of the characteristic function of the simplex

0<y ,<..£y,<y, <l and F(¢,k,y) is the part of expzi_j{%(é’i{j)/(y[ —yj)2 —kk; 1y, —yj}

that is multilinear in all the polarization vectors ¢ .

1

4.2 On adelic strings.

The set of all adeles A may be given in the form

A=UA(S). A(S)=rx]]o,x[]z,. «6)

peS

A has the structure of a topological ring.
We recall that quantum amplitudes defined by means of path integral may be symbolically
presented as

A(K):jA(X);;(—%S[X]jDX . (17)

where K and X denote classical momenta and configuration space, respectively. y(a) is an
additive character, S[X ] is a classical action and # is the Planck constant.

Now we consider simple p-adic and adelic bosonic string amplitudes based on the functional
integral (17). The scattering of two real bosonic strings in 26-dimensional space-time at the tree
level can be described in terms of the path integral in 2-dimensional quantum field theory
formalism as follows:

27 : 27
A, (ki) = g2 [ DX exp[Tso[X]ij]J [d*a, exp{TkL”X”(a,.,q)}, (18)
where DX =DX'(0,7)DX'(0,7)..DX*(0,7), d’c,=do,dr; and

(19)

r a
SO[X]:—EjdzaaaX”a X,
with ¢ =0,1 and u«=0,,...,25. Using the usual procedure one can obtain the crossing symmetric
Veneziano amplitude

koks

A (kpky)= g2 [ [51- A0 dx - 20)

and similarly the Virasoro-Shapiro one for closed bosonic strings.
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As p-adic Veneziano amplitude, it was postuled p-adic analogue of (20), i.e.

koks

A kenk)= g3 [ = dx. @1

where only the string world sheet (parametrized by x) is p-adic. Expressions (20) and (21) are
Gel’fand-Graev beta functions on R and Q,, respectively.

Now we take p-adic analogue of (18), i.e.
1 4 1 .
A (kyseoosky) = g;ijzp(—Zso[x]jxnjdzaj;(p(—zkyXﬂ(aj,rj )j , (2
j=1

to be p-adic string amplitude, where %, (u):exp(Zﬂi{u}p) is p-adic additive character and {u}p is
the fractional part of u€ Q,. In (22), all space-time coordinates X ,, momenta k; and world sheet

(0,7) are p-adic.
Evaluation of (22), in analogous way to the real case, leads to

A(kk)= g3 T [0, xg{%zhkj logllo, -0, F +(z, —fj)z)}. (23)

i<j
Adelic string amplitude is product of real and all p-adic amplitudes, i.e.

Ay(kysesky)= ALKy k[ T A, (ke k). (24)
p

In the case of the Veneziano amplitude and (0',.,1' j)e A(S)xA(S), where A(S) is defined in (16),
we have

4
Alleke)= g2 [ W=7 axx[T ;[T [ d%o, x[1e;- 25
pes j=1 pesS
There is the sense to take adelic coupling constant as

g =le[.[Tlel =1, 02ge0. ©6)
p

Hence, it follows that p-adic effects in the adelic Veneziano amplitude induce discreteness of string
momenta and contribute to an effective coupling constant in the form

8o = gin[jdzoj >1. (26b)

peS j=1

4.3 Solitonic g-branes of p-adic string theory.

Now we consider the expressions for various amplitudes in ordinary bosonic open string theory,
written as integrals over the boundary of the world sheet which is the real line R. Now replace the

integrals over R by integrals over the p-adic field O, with appropriate measure, and the norms of



the functions in the integrand by the p-adic norms. Using p-adic analysis, it is possible to compute
N tachyon amplitudes at tree-level for all N=3.

This leads to an exact action for the open string tachyon in d dimensional p-adic string theory. This
action is:

d 1 P d pt
S=[d'x L—g jd ¢p ¢ — ¢ } 27)

where [] denotes the d dimensional Laplacian, ¢ is the tachyon field, g is the open string
coupling constant, and p is an arbitrary prime number.
The equation of motion derived from this action is,

o
plo=9". (28)
The following configuration

#(x)= f(x’“1 )f (xq+2 )..f(xd_1 ) = pld-a) (x’“l ey X ) , (29)

with
1
flm)=p*™ exp(—l”—nzj . (30)
2 pl
describes a soliton solution with energy density localised around the hyperplane x*"' =...=x*" =0.

This follows from the identity:
_laz

p* f)=(r@). 3D

We shall call (29), with f as in (30), the solitonic g-brane solution. Let us denote by
x, = (x*",...,x*") the coordinates transverse to the brane and by x, = (x°,...,.x7) those tangential to
it. The energy density per unit g-volume of this brane, which can be identified as its tension 7, is

given by

— | qgd-q1 _ pld—¢-1) _ 1 p2
=—[a"x Llp=F1 (xL))—Zg;p+1 (32)

where

Hence, we obtain the following equation

2
7, =~ ()= 1 S G

. (d-g-114)* p+1
2 g 2p/(2p-1)
27mp In p




Let us now consider a configuration of the type
¢(x) = F(d_q_l)(xL )l//(X” ) , (34)

with F“(x,) as defined in (29), (30). For w=1 this describes the solitonic g-brane.
Fluctuations of ¥ around 1 denote fluctuations of ¢ localised on the soliton; thus lﬂ(x”) can be

regarded as one of the fields on its world-volume. We shall call this the tachyon field on the
solitonic g-brane world-volume. Substituting (34) into (28) and using (31) we get

=

pry=y’, (35

where [] denotes the (q+1) dimensional Laplacian involving the world-volume coordinates x, of

the g-brane. The action involving ¥ can be obtained by substituting (34) into (27):
Y 1 p> ¢ oan | 1 - 1,
Sq(l//):S(¢:F(dQU(XL)‘//(XH)):?])—J‘CZ({ lxn -~y ’ ’//'|'E‘//pl ., (36)

where g, has been defined in eq.(33).

In conclusion, we shall now show the world-volume action on the Dirichlet g-brane. Let us consider
the situation where we start with the action (27) with g replaced by another coupling constant g,

and compactify (d — q — 1) directions on circles of radii 1/ V2. Let u' denote the compact
coordinates and z“ the non-compacts ones, and consider an expansion of the field ¢ of the form:

=9(z) \/Edq1 2cos(x/_u )) .. (37

Substituting this into (27), with g replaced by g , we get the action:

1 p2 2y AN g+ 1. —%Uz.. 1 ~ il Iz ‘” p—1~i~i ("'3)
?E ﬁ jd Z _EWP l/""m‘// 25 p é A5 é é +O§ LR
(38)

4.4 Open and closed scalar zeta strings.

The exact tree-level Lagrangian for effective scalar field ¢ which describes open p-adic string

tachyon is
2

1 p I |
L =— —— 2p+——0"" |, (39
P 2 { > ® p+1¢ (39)

g p-1

where p is any prime number, (] = —9’ +V? is the D-dimensional d’Alembertian and we adopt
metric with signature (— + ... +).



Now we want to show a model which incorporates the p-adic string Lagrangians in a restricted
adelic way. The eq. (39) take the form:

L=Yc,L, z" b =L ——¢Z 2¢+z 1} (39b)

n>1 n>1 n>1 n>1

Recall that the Riemann zeta function is defined as

é/(s)=ziv=n 1_“ s=o+it, o>1. (40)
nZln‘ P 1_p

Employing usual expansion for the logarithmic function and definition (40) we can rewrite (39b) in
the form

L= —%[1/2¢§(D/2)¢+¢+1n(1—¢) 1, @b
g

where |¢| <1. ¢ (1)/2) acts as pseudo-differential operator in the following way:

& (O2)p(x)= jei""g“(—k—;jq;(k)dk, —kP=kl-k’>2+e, (42)

1
(27)°

where g/; (k)= Ie(_i“)¢(x)dx is the Fourier transform of ¢(x).

Dynamics of this field ¢ is encoded in the (pseudo)differential form of the Riemann zeta function.
When the d’Alembertian is an argument of the Riemann zeta function we shall call such string a
zeta string. Consequently, the above ¢ is an open scalar zeta string. The equation of motion for the
zeta string ¢ is

(2)p=

! wef K G(ak=—2— 43
(zﬂ-)D Ikﬁ—l?z>2+se ; P B 1-¢ (43)
which has an evident solution ¢ =0.

For the case of time dependent spatially homogeneous solutions, we have the following equation of
motion

AN i o Ko )% .0
;( > J¢(f)—(2,,)fko> € ((zjqb(ko)dko— NCE

Finally, with regard the open and closed scalar zeta strings, the equations of motion are

zxk

(2)g=

(——j k)dk = Zenz 9", (45)

n2l

e n _1) n(y;_l)_l n+l
£ (0140 = (Zz)j ;( ] k )k = Z{e o2 (¢ -1)|, (6

e n+1

—

and one can easily see trivial solution ¢ =6=0.



Chapter 5

On some correlations obtained between some solutions in string theory,
Riemann zeta function and Palumbo-Nardelli Model.

With regard the paper: “Brane Inflation, Solitons and Cosmological Solutions:I”, that dealt various
cosmological solutions for a D3/D7 system directly from M-theory with fluxes and M2-branes, and
the paper: “General brane geometries from scalar potentials: gauged supergravities and accelerating
universes”, that dealt time-dependent configurations describing accelerating universes, we have
obtained interesting connections between some equations concerning cosmological solutions, some
equations concerning the Riemann zeta function and the relationship of Palumbo-Nardelli model.

5.1 Cosmological solutions from the D3/D7 system.

The full action in M-theory will consist of three pieces: a bulk term, §,,, ., a quantum correction

term, S and a membrane source term, §,,,. The action is then given as the sum of these three

quantum

pieces:

S = Shulk +Squantum +SM2 . (1)

The individual pieces are:

1 1 1
S =——|d"xJ-g|R——G* |- CAGAG, (2
i = [ g[ 48 } el ®

where we have defined G = dC, with C being the usual three form of M-theory, and K2 = 87ZG](V“).

This is the bosonic part of the classical eleven-dimensional supergravity action. The leading
quantum correction to the action can be written as:

S quantum :b1T2J'd“x\/¥[Jo _%Es}_sz‘C/\ Xg. (3)

27

2 1/3
—j ,and b, is a constant

The coefficient 7, is the membrane tension. For our case, 7, =( >
K

number given explicitly as b, = (27)*3727". The M2 brane action is given by:
T
S,y = _?Zjd%/— 7[7’”’8”XM8VX Neun —1+§gﬂvpaﬂXMavaapx PCMNP}, “4)

where X" are the embedding coordinates of the membrane. The world-volume metric
Y-V =012 is simply the pull-back of g, , the space-time metric. The motion of this M2

brane is obviously influenced by the background G-fluxes.

5.2 Classification and stability of cosmological solutions.

The metric that we get in type IIB is of the following generic form:



ds? =tf—;(— dr® +dx? +dx2 )+ {2 dx} +£gmndymdy" &)

where f; = f,(y) are some functions of the fourfold coordinates and &, and ¥ could be positive

or negative number. For arbitrary f;(y)and arbitrary powers of t , the type 1IB metric can in
general come from an M-theory metric of the form

ds? :ezA”ﬂvdxﬂdxv +eZBgmndymdy” +€2C|dZZ, (6)

with three different warp factors A, B and C, given by:

1
3 3
Azllog%+llogf—é, B=llog% 1log —, C=- l:logf2+log } 7
207 wf 3 27 I 3 I

To see what the possible choices are for such a background, we need to find the difference B — C .
This is given by:

fofs

7+ﬁ

B—C=L10g205 {1002 (8)
2 7

Since the space and time dependent parts of (8) can be isolated, (8) can only vanish if

f2:f3_1'|z_i|’ 7+IB:0’(9)

2

with @ and f,(y) remaining completely arbitrary.
We now study the following interesting case, where a = =2, y=0 f, = f,. The internal six

manifold is time independent. This example would correspond to an exact de-Sitter background,
and therefore this would be an accelerating universe with the three warp factors given by:

2. f 1 / 1. f
A="logt lo 10 L, C=—-=log~L. (10
5108 2{ g f3 +—log } 310875 (10)

We see that the internal fourfold has time dependent warp factors although the type IIB six
dimensional space is completely time independent. Such a background has the advantage that the
four dimensional dynamics that would depend on the internal space will now become time
independent.

This case, assumes that the time-dependence has a peculiar form, namely the 6D internal manifold
of the IIB theory is assumed constant, and the non-compact directions correspond to a 4D de-Sitter
space. Using (10), the corresponding 11D metric in the M-theory picture, can then, in principle, be
inserted in the equations of motion that follow from (1). Hence, for the Palumbo-Nardelli model, we
have the following connection:
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2

:I 1 IleX(— G)1/ze_2q>[R+4aﬂcpaﬂcp—%‘ITQ‘Z _K_IZOTFV QF2|2):| =

810

= 2’1(2 Id“xﬁ[R—LGZ}— L [cacac a,

48 12k

where the third term is the bosonic part of the classical eleven-dimensional super-gravity action.

5.3 Solution applied to ten dimensional IIB supergravity (uplifted 10-dimensional solution).

This solution can be oxidized on a three sphere S° to give a solution to ten dimensional IIB
supergravity. This 10D theory contains a graviton, a scalar field, and the NSNS 3-form among other
fields, and has a ten dimensional action given by

S =] dwxMBR—%(aW —ie‘”’HMH””] (12)

We have a ten dimensional configuration given by

2

5/4 2
dr2}+(1j {d&z+dw2+d(p2+(dw+cos9d(p—%dtj }
r) 2 5r

2 3/4 r
ds;, = (—j —h(r)dt® +r’dx; s +
r h(

5 r
=-"log—,
¢ 21087

H,= —%drAdzA(dy/+cos0d(p)—isined0Ad(pAdz//. (13)
r

V2

This uplifted 10-dimensional solution describes NS-5 branes intersecting with fundamental strings
in the time direction.

Now we make the manipulation of the angular variables of the three sphere simpler by introducing
the following left-invariant 1-forms of SU(2):

o, =cosyd@+sinysinédy, o, =sinydf@—cosysin@de, o, =dy+cos@dp, (14)

and n=o,-2La. (s

5r

Next, we perform the following change of variables

1 1 ~
Zop5, t="F, dx,=——dX,, de.=—dZ, g=+28. 0=+22"0. 0. =—&.. (16
27 32 N ) =28, O ¢. 7 - (10

OQI|>—‘

It is straightforward to check that the 10-dimensional solution (13) becomes, after these changes

11



~ 2
1 Plar, =2 |~ 80 1 -
dglgzzp 1[d§62]+?[612+622+(63—m? tj ]+dez,

¢=—1I1,0,

~

V2gp’°

H3:—%61A52Aﬁ3+ di ndp Al (17)
g

where we define

dx;, (18)

2 ~ 2 ,02
ds? =—h(p)di* +-
’ h(p)

and, after re-scaling M,

v ~2 ~2
M8y 2L )
o, 32 8 p

SR

We now transform the solution from the Einstein to the string frame. This leads to

2
1
ds: =—p*|d52 |[+—| 62 +62+| 6 80 di | |+dz?,
S LR

5 =—2lnp,
H,=H,. (20)
We have a solution to 10-dimensional IIB supergravity with a nontrivial NSNS field. If we perform

an S-duality transformation to this solution we again obtain a solution to type-1IB theory but with a
nontrivial RR 3-form, F;. The S-duality transformation acts only on the metric and on the dilaton,

leaving invariant the three form. In this way we are led to the following configuration, which is S-
dual to the one derived above

2
1 ~ Q 1
dElz():E[dE6] g—[ol +O'2+(63 f\/_ ] ]+p2dZ2’

¢ =2Inp,
F,=H,. 1)

With regard the T-duality, in the string frame we have

1 r’ 80 1 _
ds;, :E[ds§]+?{af +0; +(a3 \/_ ; j } r2dzZ*. (22)
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This gives a solution to IIA supergravity with excited RR 4-form, C,. We proceed by performing a
T-duality transformation, leading to a solution of IIB theory with nontrivial RR 3-form, C,. The
complete solution then becomes

2 2
ds;, :l[ds§]+r—2{of +0; +(g3 —&idtj }rrzdzz ’
2 g

¢ =2Inr

1
C,=——50,AC, Ak, ———dt/\dr/\h (23)
8

V2g r’

We are led in this way to precisely the same 10D solution as we found earlier [see formula (21)].
With regard the Palumbo-Nardelli model, we have the following connection:

- jd%x\/g[—%—%g”pg”"Tr(GwGpa )f(¢)—%g””8ﬂ¢3v¢} =

_:2;20 -G)"e ‘“’{R+48 CI)B”CI)——‘H‘ —:T (R )}

> | d“’x\/QBR —%(aqﬁ)z —ée‘wHﬂMH’”ﬂ (24)

5.4 Connections with some equations concerning the Riemann zeta function.

We have obtained interesting connections between some cosmological solutions of a D3/D7 system,
some solutions concerning ten dimensional IIB supergravity and some equations concerning the
Riemann zeta function, specifying the Goldston-Montgomery theorem.

In the chapter “Goldbach’s numbers in short intervals” of Languasco’s paper “The Goldbach’s
conjecture”, is described the Goldston-Montgomery theorem.

THEOREM 1

Assume the Riemann hypothesis. We have the following implications: (1) If 0< B, <B, <1 and
Bl

<T <X"log’ X, then

F(X,T)= LT logT uniformly for
2 log” X

(w(1+8)x)—y(x) - 8(x) dx éX 1og— (25)

—— =

IN
S %
IA

uniformly for P PR
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)If1<A <A <o  and

—— =

W1+ 8)x)—(x)— &) dx = %axz 10% uniformly for

XA 110g3 X <Ts< ﬁlogf X, then F(X.,T)= %TlogT uniformly for

T"<X<T".
Now, for show this theorem, we must to obtain some preliminary results .
Preliminaries Lemma. (Goldston-Montgomery)

Lemma 1.

Wehave f(y)>0 VyeR andlet I(Y)= J‘e_z“"‘f(Y+ y)dy =1+&(Y). If R(y) is a Riemann-

—oo

integrable function, we have:

b

jR(y)f(m)dy:[TR(ywy](m'(y».

a

Furthermore, fixed R, |¢'(Y) is little if |¢(y) is uniformly small for Y +a—1<y<Y+b+1.

Lemma 2.

Let f(t)>0 a continuous function defined on [0,+oo) such that () << log?(r+2).
If

J(T)=| f(e)dt = (1+¢&(T))T1ogT,

O ey

then

u

I[Sinkujzf(u)du = (%+€'(k)jklog%,

with |¢' (k)| small for k — 0" if |¢(T') is uniformly small for

12 STSllogzk.
klog” k k

Lemma 3.

Let f(¢) >0 a continuous function defined on [0,+oo) such that f(¢) <<log”(t+2).If

(k) = J-(smku

0

j fu)du = (% + 8'(k)jk log%, (26) then

14



J(D) = [ f(dt = (1+€)TlogT , (27)

with |8'| small if |€(k)| < & uniformly for

<k sllog2 T.
TlogT T

Lemma 4.

Let F(X.T)= ), M Then (i) F(X,T)>0; Gi) F(X,T)=F(1/X,T); (ii) If
o<yp<r 4+ (7_ 7)

The Riemann hypothesis is preserved, then we have

F(X,T)=T %longHogX L+0 loglogT
X 2z logT

uniformly for 1< X <T.

Lemma 5.

(1+6) -1

Let e (0,1] and a(s)= . If ¢(y)<1 Vy we have that

2 2

C(?’) ! o C(J’) (2 32j (1 3 j
dt = 1/2+ dt+0| 6" log’= |+ 0| —log” Z
Zy:1+(t—7/)2 _Jj%a( o %5 7z

]ja(it)'z

for Z>l.
o

For to show the Theorem 1, there are two parts. We go to prove (1).

We define
T Xiy 2
J(X,T)=4|) ———] dr.
! Zy: 1+ (—p)
Montgomery has proved that J(X,T)=27F(X,T)+ O(log3 T) and thence the hypothesis

F(X,T)zzLTlogT isequalto J(X,T)=(1+0(1))TlogT . Putting k=%10g(l+5),wehave
V4

i = 4

t

For the Lemma 2, we obtain that

RERT X7
£|a(zt} Zy“—l+(t—

o7 2dt = (g + O(l)jk log% = (%+ o(l)jﬁlogl

)
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1

1
dlog” —
og’

for STSélogzl.
0 0

For the Lemma 5 and the parity of the integrand, we have that

2

y X7 z 1
p)————| dt = (—+ o(l)j(ﬂog— (a)
:]ﬂq 1+(t—y) 2 o
1
if Z>—log’—.
5%
X"
From the S(r)= Za(p)— we note that the Fourier’s transformed verify that

<z 1+(t—p)

S(u)= ﬁZa(p)X”e(— e

l7i<z

From the Plancherel identity, we have that

| a Te(— 26_4EM u= 2 oll) |01o l
ﬂ; (p)X7e( w)< d [ﬂ+ (1)j log

For the substitution Y =logX, —2m =y we obtain

2

e Pldy = (1+ 0(1))510g% . (b

+

Jj;a(p)eiy(m)

Using the Lemma 1 with R(y)=¢* if 0<y<log2 and R(y)=0 otherwise, and putting

Y+y

x=e¢ " we have that

2

dx = (%+o(l)jéX2 logé.

2X

> alp)x’

l7j<z

X

Substituting X with X2/, summarizing on j, 1< j < K, and using the explicit formula for w/(x)
with Z = X log’ X we obtain

J 000y = =2 ol g

X K

Furthermore, we put K = [loglog X | and we utilize, for the interval 1< x < X27% the estimate of

Lemma 4 (placing X2 for X ). Thus, we obtain (1).
Now, we prove (2).

16



We fix an real number X,. Making an integration for parts between X, and X, = X,log*’> X, we

obtain, remembering that for hypothesis we have
X

yw«u(s)x)-w(x)-&rdxz;mogg,
that [0+ 8)0) -y ()-8 x-*ae = (%+ 0(1)}»(;2 ok ©

X,

Utilizing the estimate, valid under the Riemann hypothesis

(p((1+ 8)x)—w(x)- &) dx << X * log?

—— =

2
5 b
we obtain analogously as before that

[0+ 8)1)-p(x)- &) x-dv << 82 log’ L = o(éXl_z logéj @

Now, summarizing (c) and (d) and multiplying the sum for X; we obtain

Tmin(;_l,f_fj(w((l 8)8) )-8 e = (ol log L

1 1

Putting X, =X, Y =logX, x=e"" and using the explicit formula for w(x) with Z = X log® X ,
we obtain the equation (b).

2. A

Now, we take the equation (10) and precisely A = glog—2 . We note that from the equation (27) for
t

T
2
&'= —% and T =2, we have J(T) = .[f(t)dt =(1+&")TlogT =§10g2. This result is related to
0

2. A S

A= Elog—2 putting —-=2, hence with the Lemma 3 of Goldston-Montgomery theorem. Then,
t t

we have the following interesting relation

A= glog{—; N jf(t)dt =(1+&)TlogT, (28)

hence the connection between the cosmological solution and the equation related to the Riemann
zeta function.

17



Now, we take the equations (13) e (21) and precisely ¢ = —glog% and ¢ =2Inp. We note that

from the equation (27) for 8':% and T = 12 , we have

T
J(T) = jf(t)dt =(1+&)TlogT = glog%.
0
t 1
Furthermore, for ¢'=3 and T= 1/2, we have J(T) = J-f(t)dt =(1+&)TlogT = 210g5.
0

These results are related to ¢ = —ilogg putting r=1and to ¢ =2Inp putting p=1/2, hence

with the Lemma 3 of Goldston-Montgomery theorem. Then, we have the following interesting
relations:

6= —%log% =N —jf(t)dt =(1+&)T1ogT],(292) ¢ =2Inp= jf(t)dt =(1+€&)TlogT,=
0 1. 1.n 1 g
= [d x\/Q[ZR—E(a@ e "’HMH“} (29b)

hence the connection between the 10-dimensional solutions and some equations related to the
Riemann zeta function.

From this the possible connection between cosmological solutions concerning string theory and
some mathematical sectors concerning the zeta function, whose the Goldston-Montgomery
Theorem and the related Goldbach’s Conjecture.

5.5 The P-N Model (Palumbo-Nardelli model) and the Ramanujan identities.

Palumbo (2001) ha proposed a simple model of the birth and of the evolution of the Universe.
Palumbo and Nardelli (2005) have compared this model with the theory of the strings, and
translated it in terms of the latter obtaining:

- jd%x\/g[—% —%g”pg”"Tr(GwGpa )f(¢)—%g”vaﬂ¢3v¢} =

A general relationship that links bosonic and fermionic strings acting in all natural systems.
It is well-known that the series of Fibonacci’s numbers exhibits a fractal character, where the forms

V5-1

repeat their similarity starting from the reduction factor 1/¢ = 0,618033 = — (Peitgen et al.

J‘dlo 1/2 2@ u L~ 2 K120 2
X(~G)"?e?®| R+40,90 ¢—§\H3\ ~Soge (R[], (30)
810

1
2K

1986). Such a factor appears also in the famous fractal Ramanujan identity (Hardy 1927):

18



0,618033 = 1/¢—%=R(q)+ 3+£ (*/g o dtj, (31)

1/5) t4/5

and =20\ R(g)+ V5 NG
20 3+I ( f (—t) dtJ
1+ J- RENE
2 )t
where ¢=£2+1.

Furthermore, we remember that 7 arises also from the following identity:

\/1301 g{(2+\/_}3+\/_)} (320) and ﬁ_%logw(lmilﬁ}\/(mjﬁnmb)

T =

The introduction of (31) and (32) in (30) provides:

R 1 1 vo
—J.d%x\/g _16G _gg#pg Tr(GvapO')f(¢)+
5
20— | R(q)+ 5 o
3+4/5 1 (—t) dt
1+ CxXp TI ( 1/5) 4/5
1, - R 3 f
——g"9,8,0 |=[ = 20-—{ R(q)+ :
78700, ] jo;cfl 20 T3 £t dr
1+T _[ 1/5) t4/s
2
[d x(-G)" e [R+49 00" —%\H@f - at Tr,
3 V5
20—~ | R(@)+ \/_ 2Rgy

3+ 1 0 f7(=t) dt
1+ > (\/‘J’ 1/5) t4/5]
(£P)1 e

which is the translation of (30) in the terms of the Theory of the Numbers, specifically the possible
connection between the Ramanujan identity and the relationship concerning the Palumbo-Nardelli

model.
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5.6 Interactions between intersecting D-branes.

Let us consider two Dp-branes in type II string theory, intersecting at n angles inside the ten-
dimensional space.

The interaction between the branes can be computed from the exchange of massless closed string
modes. This can be computed from the one-loop vacuum amplitude for the open strings stretched
between the two Dp-branes, that is given by

L
A=2\—Tre™, (34
15, (34)
where H is the open string Hamiltonian. For two Dp-branes making n angles in ten dimensions

this amplitudes can be computed to give

2
tY p-3

A=V —exp e 8] 2 (ciLn(e) Baet) ) " (2, - 2,),  (35)
.[ ( ) ( NS R

with
(0,01 >>“n7—)(j§Zj|'jj) o) TT o agt)
(1A0 t|zt)

“r )) _"H izA@ t|zti (%6)

being the contributions coming from the NS and R sectors. Thence, the eq. (35) can be rewritten
also

p-3

1y?
A= VI —eXp 2wt 2 (L) Broe) )

(1A0t|zt) 0, (a8, t|zt) syt ©,(iA0.1ir)

( (0| ))4_HHW 0 (0| ))4_HI,_1IW (®2(0|it)) HW ]. 36b)

Also in (36) ©, are the usual Jacobi functions and 7 is the Dedekin function. Furthermore, in (35)

by Y we mean the distance between both branes, ¥ =,/X,¥’ where k labels the dimensions in
which the branes are separated and Y, the distance between both branes along the k direction.

Now we take the small ¢ limit of (35), that is, the large distance limit (¥ >> ls). This is the right

limit that takes into account the contributions coming from the massless closed strings exchanged
between the branes.
Using the well known modular properties of the ® and 7 functions we obtain, in the t — 0 limit,

that the amplitude is just given by

vV I"FIAG. pn=s tY; |
217—2[7(271.2“;()(1""1]—3)/2 It ? exXp e dt s (37)

Alr,A6,)=
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where the function F contains the dependence on the relative angles between the branes, and is
extracted from the small 7 limit of (36). The exact form of this function is given by

4—n)+X"  cos2A0.—4I1"_ cosAB.
F(Ae.):( J+Z], b Ml = L. (38)
! 2IT'_ sin A6,
Hence, the eq. (37) can be rewritten also
VL (4=n)+X", cos2A8, —4I1"_ cosAQ, o o= O

Alr,a6,)= Lo 2 exp @ dr. (38b)

202 (27z2a')(p+l_n)/2 2IT"_ sin A,

The interaction potential between the branes can then be calculated by performing the integral (37).
This integral is just given in terms of the Euler I'-function, so the potential has the following form

4-n
v(r,a60,)=- YL F(Mf_z r(7_p_"jY‘P+"‘”. (39)
272 2%a) 2

Note that for p+n=7 this expression is not valid as I'(0) is not a well defined function. In fact in
that case the integral (37) is divergent, so we need to introduce a lower cutoff to perform it. If we
denote by A, the cutoff, the integral becomes

V,LUFG) v o)

V(Y’Aej): ara)” A

When dealing with compact spaces the expression (37) is modified in the following way

vV, F(A6)) prrs I UanaR)
St exp P dr, (41

-2 2 p+l n /2
272070 et

Alr,A6,)=

where @, represents the winding modes of the strings on the directions transverse to the branes.
That means that the summation over k in (41) has only one term in the D6- brane case and it will be

Y, =‘x§1) —xéz)‘. In the D5-brane case we will have two terms: Y, =‘x§) x! ‘ and Y, = ‘ 1) _ 52 )‘.

Also in both cases we will denote Y =4/X, Y, . Nevertheless, if the distance between the branes is

small compared with the compactification radii (¥ << (27R)), the winding modes would be too
massive and then will not contribute to the low energy regime. That is, it will cost a lot of energy to
the strings to wind around the compact space. If we translate this assumption to (41), the dominant
mode will be the zero mode, and the potential can be written as in (39), (40), taking into account
that we focus on the case where the number of angles is n=2. In this case the potential, when
normalised over the non-compact directions, for branes of different dimensions is just given by

(2aR)"F(a6,)
22 2r%e)

r(sgij“"”, @ Vdras)- 00 Y s

Vipl1:46)=- 4zraf A,
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where the (27R)"™ factor arises from the dimensions in which the branes become parallel on the

compact dimensions. Furthermore, remember that R denotes the radius of the torus.
Now we note that the eq. (37) can be rewritten substituting to 7z the corresponding Ramanujan’s
identity (32). Hence, we obtain

4—n +n—5 1v?
Alr,A6,)= v,LF(a8) j[pz exp 7 di

5
sl )
(43a)

With regard the eq. (40), we note that can be related with the expression (29b) concerning the
lemma 3 of Goldston-Montgomery Theorem and with the Palumbo-Nardelli Model. Hence, we can
write the following interesting connections:

272 (20 ) 72 2 — 3| R(q)+

20 3+\/_
2

1+

-3 T
V”(j;Ti()?_?)lnAL =21np:>jf(t)dt=(1+g')rlogT,:>

:jdlo \/Q{ R——( ¢) _2¢HW1H”W1}

=

d"x(-G)"e _Z{R+48 <I>8”CI>——‘H‘ —AT QF| )}

2
0 2K-IO lO

—f x/g {—@ —gg””g”"Tr(Gﬂvaa ) (¢)—§g””3,,¢av¢} : (43b)

5.7 General action and equations of motion for a probe D3-brane moving through a type 1IB
supergravity backeround.

Now we will show the general action and equations of motion for a probe D3-brane moving through
a type IIB supergravity background describing a configuration of branes and fluxes.

We start by specifying the ansatz for the background fields that we consider, and the form of the
brane action. We are interested in compactifications of type IIB theory, in which the metric takes
the following general form (in the Einstein frame)

ds® = h‘”znﬂvdx”dxv +h'"?g dy"dy". (44)

We now embed a probe D3-brane in this background, with its four infinite dimensions parallel to
the four large dimensions of the background solution. The motion of such a brane is described by
the sum of the Dirac-Born-Infeld (DBI) action and the Wess-Zumino (WZ) action. The DBI action
is given, in the string frame, by
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Som =-To8,' [ d*&e*=det(y,, + F,), (45)

where F, =B, +27a' f,, , with B, the pullback of the 2-form field to the brane and f, the world-
volume gauge field. ¥, = g,,,9,x" d,x", is the pullback of the ten-dimensional metric g,,, in the

string frame. Finally &'=/¢> is the string scale and &* are the brane world-volume coordinates.
The WZ part is given by

Sy, =4[, C.. (46)

where W is the world-volume of the brane and ¢ =1 for a probe D3-brane and g =—1 for a probe

anti-brane. We are interested in exploring the effect of angular momentum on the motion of the
brane, and therefore assume that there are no gauge fields living in the world-volume of the probe
brane, f,=0. For convenience we take the static gauge, that is, we use the non-compact

coordinates as our brane coordinates: & =x“"". Since, in addition, we are interested in
cosmological solutions for branes, we consider the case where the perpendicular positions of the
brane, y™, depend only on time. Thus

Yoo =80 T gmnymynhllz = _h_l/z(l - hvz) 47)

and B, =0. Hence

Spm =—To8;' [d*xe™ 1=, (48)
in the Einstein frame. Thence, summing the DBI and WZ actions, we have the total action for the

probe brane
S =—Tyg.'[d*xh™ le‘3‘”\/1—hv2 —qJ. (49)

This action is valid for arbitrarily high velocities. Furthermore, this equation correspond to the
Born-Infeld action for the D-brane embedded in the 10-dimensional space of type IIB theory.
The functions appearing in the following equations

12 2

h(n):%{g3N+M(lni+lH:%(l+bln77), (50)
4n 2 n 4 n

3(g, M)

N+ 28, T (51)
27 7,

Neﬁ”

are the solutions of the equations of motion for the IIB theory in 10-dimensions, defining the
background. Thence, putting egs. (50) and (51) in (49), we can determine the trajectory of the brane
in ten dimensions.

Here, 7 =17 determines the UV scale at which the KT throat joins to the Calabi-Yau space. This

solution has a naked singularity at the point where A(77,)=0, located at 7, =7e™"". In this
configuration, the supergravity approximation is valid when g M,g N >>1: in this limit the
curvatures are small, and we keep g, <1.

We note that also the eqgs. (50) and (51), can be related with the expression (29b) and with the
relationship concerning the Palumbo-Nardelli Model. Hence, we obtain the following connections:
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T
h(ﬂ)_i:%blnn: 21np:>J.f(t)dt:(1+8')T10gT,:>
n 0

= [a"x[[g| { R——( )’ — ‘”’HMHW}

10

:T ’1'2 jdlox(— )1/2 ‘2¢’|:R+4a dbaﬂq)__‘H‘ _&T QF| )}
10

—IdZGX\/_{—@—ggﬂpng’”(GwGpa)f(¢)—§gﬂvaﬂ¢au¢}’ (51a)

) T
m+23(g°'M) In-L = zmp:] f@ydr=(1+€)TlogT , =
T o

:jd”’x\/r { R——(a¢) -2¢HMHW}

=

“26-2{R +49,90“P —%\F@\z —g—%Tn QFZIZ)} =

26 up _vo 1 uv
jd xf [—@—gg 8T G )1 (9) - 8 a,,¢av¢] (51b)

Furthermore, the eq. (49) is also related with the relationship concerning the Palumbo-Nardelli
Model applied to the D-branes. Hence, we have:

~ ity [ 4T - det(G,, + B,, + 270 F,)]* }= T - [arxtrd-detly,, +270 F,, )2}

2rza) g;,,

=-[d"x/g {—@—gg 116,06, ) 0) -5 870,49, 4 ] [ [d -6

[R+48 @8“(1)——‘H‘ —k—12°T (Rf )}: T,g,' [d*xh™ e ovi—m? —g| (52)
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Chapter 6
Connections.

Now we take the eq. (20) of chapter 1. We note that can be related with the Godston-Montgomery
equation, hence we have the following connection:

5, (u)=0,, (u)=[/v+(_[)%] log f,5(T) 1y = 2lnp = jf(t)dz =(1+¢&)ogT ,=

:jdwx\/r { R——(a¢) ‘2¢HMH‘M}

j j d"x( )”ze—”’{R +4aﬂ<1>aﬂq>—%\ﬁ3\2 —@T QF I )}
0 10

_J'd%x\/_|:_@_%gﬂpgvo—Tr(Gvapa )f(¢)_%g'uva,uwv¢j| . (1)

Now we take the eq. (29) of chapter 1. We note that can be related with the equation regarding the
Palumbo-Nardelli model and with the Ramanujan’s identity concerning 7. Hence, we have the
following connections:

(o f,) = n(l—lj LR, ()=

167° N q
) fantopen
0 NZ{H (1 - QJ}LN (2, (92/??)[‘1\1 (1’ l//) Gy
a|N

{R+48 <I>8“<I>——‘H‘ —@T (F )}

10

=—Id26x\/§ _R’”2<f¢’f¢>' 1 : — _égﬂpngr(Gﬂvao)f(qj)”'
N Z{H (1—q]}LN 2.2, (L6

_%gﬂvaﬂwv¢:l’ (2)
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)= W T[1 s 2 ()=

16020 - > R(g )
20

3)

Now we take the eqs. (8) and (9) and (11) of the chapter 2. We note that can be related with the
Ramanujan’s modular equation (32b) and the Ramanujan’s identity concerning 7z (32). Thence, we
have the following connection:

= o (104112 (104742
4 4
= 20— | R(g)+ V5 - V142 e
20 REEREI LI [0 di 10+11V2) . [[10+742
2 \/_ 1/5) t4/5 In f + T
Also for the eqs. (11) and (37), we obtain of the similar connections:
L(s)=Y 2 =TJ~2(p)p~ +p"p>)" =
= 20— | R(g) V5 - V142 L)

+
344/5 f (—t) dt </ N
1+T ( J- (—'7%) t4/sj ln[\/(lo—i-il 2]+\/(10+47 2)}
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Hl T T2 —

p P+P

— 23— 2| R(g)+ V5 : V142
20 14345 ( [ ) ‘”J (1041132 (104742
2 \/_ f( tl/S) t4/5 n f + ?

Also with regard the eqs. (101) and (106) of Chapter 2, we note that can be related with the
Ramanujan’s identity concerning 7 . Thence, we have the following connections:

. (6)

z (1—(1( + a)Lj e 1' {(s,a)n—ds =
keN(n/r—a) n 2m e b S(S+1)
1 ctieo | n’
—((s,a)——ds,
- ~['—i°° r’ {(s a)s(s+1) s:

20p -3 R(g)+
20 +3+2J§exp( f ( d]

1 pa+ieo $
— ds=¢en,a)——n——+
2 b § ) G+)" elna)-gn-s+a=
1 | n’
,a)— d
- ~[l°°r5 {(s )4°s(s+1) >

Now we take the eqs. (79), (82), (83), (98) and (105) of Chapter 3. We note that can be related
with the Goldston-Montgomery equation (29b) and with the Palumbo-Nardelli relationship (30) of
chapter 5. Hence, we obtain the following connections:



A——I a\r” y)(loquy——logqq ol yldy - f ) Elogq:>
:21np:>jf(z)dt:(1+e’)T10gT -
0

= [a"x[[g| FR ~Logr-L ‘”’HMHW}

G)” ‘2{R+48 <I>8”CI>——‘H‘ —AT (f )}

10

.[d%x\/_{—@—gg pngr(Gﬂvaa )f(¢)_§gﬂvaﬂ¢a"¢:| i (9)

| |1/2

Pﬁv.[R*fO3(]u|)| |d u_1og7z+7:>21np:>jf(z)dz_(1+g)TlogT =

= [d"x[[s| { R——( )’ — ‘”’HMHW}

:»jzllcz [a"x(-G)"e ‘2{R+48 <I>8”CI>——‘H‘ __T QF| )}:
10

10

~[a*x/g {—i—lg”g”ﬂ(@ﬁm )f(¢)—5g””8ﬂ¢av¢} (10)

PE [, £ (= ) u=toglom)+tim [ (1= 7275 0- 1) ¢ u=togt )| = log 27+ - 1og2
=2lnp= J'f(t)dt =(1+&)T1logT ,=

:jd“)x\/r { R——(a¢) -2¢HMHW}

el m__\H\ S e

10

—Id26x\/_{—@—§g gVJT’"(Gqupa)f((f’)—E8Waﬂ¢avqj}’ D
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Pfw| fz(]u|c)ﬁd*u = PF,[ fof'd'v =2(log27 + y) =

C

T
=2lnp= jf(t)dt =(1+&TlogT ,=

:jdlox\/r{ R——( 9)* — ‘2¢H H”M}

uva

{ . S e

10

—I \/_|:_@_§g VaTr(Gﬂvaa)f(¢)_5gﬂvaﬂ¢a"¢j| ’ (12)

4 _kszrc sin(e" / Z)dx = —4Lﬂ/zlog(sin u)du =2rxlog2 =

T
—2lnp= jf(t)dz =(1+&TlogT ,=
0

10 1 2 —2 1Z
= [d x\/QBR—E(am ——¢H H”}

uva

=

1
jIZKZ

0 10

2
J.dlox(—G)“ze_m{R+4aﬂ<ba”q>—%‘]-]3‘z —K—lonrV 0F2|2)} _
810
26 I . _l w
Id x\/_|: 16%G 8g 8 Tr(Gﬂvaa)f(¢) 2g aﬂ¢av¢:| (13)

Now, we take the egs. (15), (22), (25) and (27) of Chapter 4. We note that can be related with the
Palumbo-Nardelli relationship. Thence, we have the following connections:

Ak $k) =87 [, OIF(ERY) - TT |- y,kk (lyl =y ay)=
Ql r 3 3<i<j<n—1 3<l

f s [‘%‘gg”pg““Tr(Gme )f(¢)—lg”“aﬂ¢’av"’} i

oo

G)” ‘2¢{R+48 cpaﬂcp——\H\ —iT A= ) (14
0

10

1 4 1
A, (ks k)= gf,J'DX;(p(——SO[X]ijjdzaj;(p(—zkL’)X“(aj,Tj) =3
=

_I d26x\/_[_ @ - g g,upgvaTr(Gﬂvad )f(¢)_l g/waywv¢} =

-

o

! ijd“’ G)" -2@[R+4a cpaﬂcp——\H\ —K—E’)T QF| )} (15)
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A, (k.. k gw_[ |x|k'k2|l X

kzk?dxxng de o, ngp

Id26X\/_|:_@_§ gﬂpgvo-Tr(G/wGpa)f(¢)__gﬂva,uwv¢:| =

:102’1(120 [d"x(-G)"e ‘2‘{R+4B q)&”(l)——‘H‘ - iT QF| )} (16)

g’ p- 1J‘dd{ ) ¢p+l}

:T%jdlox(— )1/2 —2<I>|:R+4a q)aﬂq)—_‘H‘ _&T QF| ):|
10

10

S = jddL_

—Id26xx/_{—@—gg”png’”(GwGpa )f(¢)—§gﬂvaﬂ¢au¢} V)]

While, if we take the egs. (18), (33b), (38), (43) and (46) of Chapter 4, we note that can be related
with the Ramanujan’s identity concerning # and with Palumbo-Nardelli model. Then, we obtain
the following connections:
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Furthermore, we can see easily that the equations described in the Chapter 5 and 6 can be
connected also among them.

Conclusion
Hence, in conclusion, also for some mathematical sectors concerning the Fermat’s Last Theorem,
can be obtained interesting and new connections with other sectors of Number Theory and String

Theory, principally the p-adic and adelic numbers, the Ramanujan’s modular equations, some
formulae related to the Riemann zeta functions and p-adic and adelic strings.
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Furthermore, also the fundamental relationship concerning the Palumbo-Nardelli model, a general
relationship that links bosonic string action and superstring action (i.e. bosonic and fermionic
strings acting in all natural systems), can be related with some equations regarding the p-adic
(adelic) string sector.
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